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Introduction

@ Purpose: This lecture is aimed at providing students with standard
methods in modern macroeconomics. In particular, the lecture
extends Solow model, which was taught in Macroeconomic Analysis,
into three directions. Firstly, | apply the dynamic optimization
techniques to endogenize saving rate in Solow model. Secondly, |
introduce stochastic shocks to analyze uncertainty in a dynamic
context. Finally, | discuss how one can numerically analyze the
model. In addition, | also discuss how one can analyze discrete
choices in a dynamic context. These methods are useful not only for
understanding macroeconomics, but also for understanding dynamic
issues in any fields of economics, such as public economics and
financial economics.
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Introduction

o Office hour: At zoom or office, 12:00-12:30 on Tuesday and Friday.
Appointment by e-mail is required for other time.

e Office: 602 in OSIPP Building

e Zoom Address: We use the same zoom address as the one for the
lecture.

o E-mail Address: takii@osipp.osaka-u.ac.jp

o TA office hour: At office, 12:15-12:45 on Thursday
o Name: Reio Tanji

e Office: 603 in Graduate School of Law and Graduate School of
Economics Building
o TA E-mail Address: u280537h@ecs.osaka-u.ac.jp
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Introduction

@ Grading Policy: 35% on assignments and 65% on a final exam.

© | will give you X assignments. Students must hand them in at the
following lecture. If students turn an assignment in by the due date, |
will give them 35/X points. If students turn an assignment in late, |
will give them 14/X points. If students submit all assignments, you
will receive 35 points. Students must write their answers with a pen.
| don’t allow the typed answers for this assignment.

© The full score of final exam is 65 points. | guarantee that exam
questions with a score of 40 or higher out of 65 will be similar to those
on assignment and lecture slides. (Let us think how to conduct the
final exam.)
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Introduction

@ Remarks:

| assume that students have already taken the same level courses as
Microeconomic Theory and Macroeconomics Analysis.

Because of the nature of the issues, the lectures are rather technical.
Students are expected to prepare by themselves to understand the
lecture. | highly recommend this course to the students who think of
economics as a major discipline and go to the doctoral program.

| will teach this course in English unless all students prefer Japanese. |
encourage students to make comments and questions in English.
However, | will not prevent students from asking questions in Japanese.
| can discuss your questions and comments in Japanese or English at
my office hour.
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Introduction

o Course Outline
@ Basic Dynamic Programming (6 lectures)

o Consumption, Optimal Growth Model and Recursive Competitive
Equilibrium
o Appendix: Overlapping Generation Model

@ Continuous Time Dynamic Programing and Hamiltonian ( 2 lectures)
o Investment and Continuous Optimal Growth Model
@ Stochastic Dynamic Programming (3 lectures)

o Asset Pricing and Stochastic Optimal Growth Model (Real Business
Cycle Model)

@ Dynamic Programing and Discrete Choice ( 3 lectures)
o Labor Search and Equilibrium Unemployment Model
© Final Exam (1 lecture)
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Introduction to Dynamic Programming

@ Macroeconomics is a study to explain the behavior of aggregate data
such as GDP per capita, inflation rate, and unemployment rate.

@ For this purpose, we must infer the structure of the economy that
brings the observable data.

@ In order to infer the structure, we need a theory. There are two
current consensuses among macroeconomists

@ Use the variants of dynamic stochastic general equilibrium models to
analyze economy.
@ Developing a quantitative theory is useful.

@ Theory can be used not only for conveying the idea, but also for
extracting meaningful information from data.

@ The foundation of current macroeconomics that brings two
consensuses is the neoclassical growth model. This is the main
subject of this lecture.
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Introduction to Dynamic Programming

@ Remember Kaldor's Stylized Facts (1963)

The growth rate of GDP per capita is nearly constant.

The growth rate of capital per capita is nearly constant.

The growth rate of output per worker differs substantially across
countries.

The rate of return to capital is nearly constant.

The ratio of physical capital to output is nearly constant.

The shares of labor and physical capital are nearly constant.

©00 000

@ In order to meet this requirement, the growth model must exhibit the
balanced growth path.
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Introduction to Dynamic Programming

@ Our candidate model is the extended Solow Model, which is
summarized by the following 3 equations.

Kt+]_ — F(Kt, TtNt)+(].—(5> Kt— Ct
Tiv1 = (1+g) T:
Nt+]_ = (1+n) Nt

with an assumption.

Ct = (1 — S) F (Kt. TtNt)
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Lucas's Critique and Micro Foundation

@ The saving rate s is the results of individual behaviors. Changes in
environment may influence the properties of these behaviors.

@ Lucas (1976) argues that as people make decisions based on their
expectation on the future economic environment, the expected future
policy change is likely to influence their expectation, and, therefore,
their decisions. It means that the estimated parameters on
consumption functions and, therefore, the saving rate is likely to
change when a government changes its policy. So we cannot use the
estimated parameters for policy simulations.

o Following Lucas's critique, many macroeconomists pay more attention
to the micro foundation of the consumer’s behavior and firm's
behavior, and derives consumption function, investment function

o We would like to develop a model which allows us to analyze the
impact of a policy change on real economy through changes in the
saving rate.
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Introduction to Dynamic Programming

@ In order to endogenously determine the saving rate, we must know
how consumers decide their consumption.

@ One of a convenient assumption is that a representative consumer
maximizes the following utility function.

max i BN U (ct),

fecto t=0
Kiv1 = F(Ke TeNe) + (1 —90) Ky — e Ne, Ko is given
Tivi = (1+g) Te Tois given
Nev1 = (14 n) N, No is given

where ¢; = %
@ This model is called the neoclassical growth model. In order to solve

this problem, we need to know how to solve a dynamic optimization
problem.
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A Finite Horizon Problem

@ Consider the following problem

max {Tz:l ,B(t_f)r (Xe, St) + ,B(T_T) Vr (ST)} :

X3 =
s.t. 5t+1 = G (Xt, 5t> '

St is given.

@ The variable, {Xt}, is called a control variable. It can be a vector.
This is the variable which an agent tries to control in order to
maximize his objective function. The variable {c;} is the control
variable in the neoclassical growth model.

@ The variable, {S;}, is called a state variable. It can be a vector.
The state variable summarizes the current state of the economy. The
vector { (K¢, T¢, N¢)} is a state vector in the neoclassical growth
model.
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A Finite Horizon Problem

The function r (X, S¢) is called the one period return function. One
period return function summarizes the instantaneous reward from
current state variable and the current control variable. In the case of
the neoclassical growth model, r (X;, St) = N:U (ct).

The function G (X, S¢) is called the transition function. It describes
the dynamic behavior of the state variables. In the case of the
neoclassical growth model

F (K, TeNe) + (1 — 8) Ke — ceN,
G (ct, (Ke, Tt Ny )) = (1+g)T:
(14 n) N;

The function, V7 (-) is called the value function at the last period.
Since the state variable summarizes the current state of economy.
The value function indicates, how much value he expects to obtain in
the future when the current state is St.
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A Finite Horizon Problem

@ Given S;, when the agent chooses X; at date T, S;41 is automatically
determined. Given this Sz41, the agent can choose X;;1 at date
T+ 1, and it determines S;42, and so on. In this way, the agent can
recursively decide his decisions.

@ Note that

{Xe}

max{Z,Bt 7) r (X, 5t)+,BT ’ VT<5T)}

= max{ + B (Xem, Secr) + BT (X2, Se)
Xy | BT (Xeg, Seyn) + BTV (S7)
-t [3(t_1_T)r (Xt—lv St—l)
ax ﬁ(t_T)r (Xe, St)
Kedoee | Fmaxpey | BT (Xegn, Sepn) +
: ...ﬁ(Tfr) Vr (ST)
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A Finite Horizon Problem

@ That is, once the agent knows, S;, he does not need to worry about
other past variables {(X;, Ss)},_, because the state variable
summarizes every important information of the economy at that time.

@ Hence, the maximization problem at date T — 1 can be simplified
as follows:

)rpax {r (XT,1, ST,1) + ,BVT (G (XT—L 57',1))} ,
T-1
St_1 Is given.

@ The solution to this problem depends on St_;. That is, we can
derive an optimal policy function x7_1 (-) as a function of S7_;:

x7-1(S7-1) = arggpﬁf{f (X721, 57-1) +BVT (G (X7-1,57-1)) }
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A Finite Horizon Problem

@ Since the policy function is an optimal strategy, we can define the
value function at date T —1, V7_; (+), as follows:

)rprai( {r (XT—ly 5T71) + ﬁVT (G (XT—ly STfl))}

= r(x7-1(57-1).57-1) + BV7 (G (x7-1 (S7-1).57-1))
= Vr_o1(St-1).

e Using Vr_; (S7_1) we can rewrite the agent's problem at dates
T — 2 as follows:

max {r(X7-2,57-2) + BV7-1 (G (X7-2,57-2)) },
T-2

St is given.
@ This is the similar problem as before. Therefore, we can define

V1_2(S7-2) and using V7_5 (S7_2), we can describe the problem
at date T — 3 and so on.
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A Finite Horizon Problem

@ In general, an original problem can be rewritten as the sequence of a
simple static problem:

Vi (S¢) = m)gx{r (Xe, St) + BVir1 (G (X:, S¢)) )

This equation is called the Bellman Equation.

@ Hence, a finite horizon problem can be solved by a sequence of policy
functions and value functions, {(x; (-), V¢ (-)) Z;()l.

e For any initial state variable, S;, the optimal policy function x; (S;)
determines X; and the transition function G (X, S¢) determines
St+1. Given this Sz 1, the optimal policy function and the transition
function determines X1 and Sy and so on.

Katsuya Takii (Institute) Macroeconomic Theory 17 / 463



A Finite Horizon Problem

@ Assume that the first order condition is valid. The first order
condition is

0=r(x(S),5)+ ﬁVt/H (G (xt (S¢).St)) 61 (xe (Se) . Se), (1)

for any t.

@ The first term of the right hand side of equation (1) is the marginal
return from changing X;. However, when the agent changes X;, it
affects not only the current return, but also the future returns by
changing the future state variable. When the agent slightly changes
Xz, it will change Si11 by Gi (X:, St). If Spyislightly moves, it
changes the present value of the future reward at date t + 1 by
V{1 (St+1). Since the agent discount the future by B, the future
impact of changing X; is BV/ ; (G (X:, S¢)) G1 (Xt S¢). If the agent
optimally chooses variables, these two effects must be the same at
any date t.
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A Finite Horizon Problem

@ It is useful to derive the envelope theorem:

V; (St)
= r(xe(St),St) +5th+1 (G (xt (St) . St)) Ga (xe (St), Se) +

[fl (xe (S¢), Se) + 5th+1 (G (% (St) . S¢t)) G1 (% (Se) ,St)] x; (St)
= n(xe(S),S) + :BVt/Jrl (G (% (St) . St)) Ga (xe (St) Se)

for any t.
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A Finite Horizon Problem

@ It shows the marginal benefit of changing the state variable, S;.
When the state variable changes a little bit, it changes the current
return by r (x¢ (S¢),S¢). But since changing the state variable at
date t will change the future state variable S¢11 by G (X:, St), it also
has a dynamic effect. Since changing S; 1 affects the future reword
by V{1 (St+1) and the agent discounts the future by B, the total
effect must be BV, (G (X¢, St)) G2 (X¢, St).
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A Finite Horizon Problem

@ Example: Consider the following household problem,

T-1
max ) B IU (¢;) + BT I Vr (ar),
{Ct} t=T1

st.agrr = (14+p)ar+w—c¢

given ar
@ We can define the Bellman equation as follows:

Vi (ar) = mC?x{U (ct) +BViy1(ats1)},

sit. a1 = (1+p)ar+w—c,
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A Finite Horizon Problem

@ The first order condition is
U'(c(ar)) = BVia (T +p)ac+w—c(ar))
@ Envelope theorem
Vi(ar) = BVia (1 +p)a+w—c(a)] [1+p].
@ Combining Two equations

U'(c(at-1))

s =V (c(@) ()
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A Finite Horizon Problem

@ Euler equation:
U (c)
BU' (cey1)
where ¢;11 = ¢ (ary1) and ¢ = ¢ (a¢). The left hand side is the

marginal rate of substitution between consumption at date t and
t + 1; the right hand side is the marginal gain from saving.

=1+p
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A Finite Horizon Problem

Eulerf®Equation

Crea

(o wuiceo
BU (Sera)

1 + p
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An Infinite Horizon Problem

@ Now let me consider the case, T goes infinite. That is, an original
problem is

U(S:, 1) = max{Z:,Btlr Xt,St)}

{Xe}
s.it. Sev1 = G(X:, St), St is given.

o If T goes infinite, there is no last period and we cannot use the
previous method. However, we can explain it by analogy between this
model and the previous one.

@ Assume that a policy function of this original problem is x, (S¢).
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An Infinite Horizon Problem

@ Remember that once we control a current state, the past decision
does not influence future maximization problem. Hence,

U(Snm) = max ) per (X 5),
tfr t=T

= rr}(;:x{r(XT,ST)—I—ﬁ max ) ,B(t(TH))r(Xt,St)},

Xe} T t=1+1
= n}ax{r (X7, S¢) + BU (Se41,. T+ 1)}
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An Infinite Horizon Problem

@ Hence, we can consider the following recursive problem:

Vi(S) = max{r(Xe 5)+ BV (Ser1)} (2)
S = G(X.S:).

@ Assume that the policy function of this problem is x (S¢).

@ With certain mild conditions (r (X, S) is bounded and continuous,
{(S¢t41, Xt St) |St+1 < G (X, St)} is compact), we can show that
there exists a unique value function V () and a policy function which
solves equation (2) and that U (S¢, T) = V (S¢) and x, (S¢) = x (S¢).
That is, Bellman equation (2) is equivalent to the original problem and
the value function and policy function is time invariant.

@ With the further assumptions (r (X, S) is strict concave and
{(St4+1. Xe, St) [Se+1 < G (X, St)} is convex), V (S) is strictly
concave and x (S) is continuous and single valued.

@ With further mild condition ( r (X, S) is continuously differentiable), it
is known that V is continuously differentiable.
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An Infinite Horizon Problem

@ An economic interpretation of the Bellman equation (2) is that the
agent maximizes the sum of current return, r (X;, S¢), and the
discounted future values from S;11, BV (S¢41). He is concerned
about the trade-off between the current benefits and the future
benefits when he chooses X;. Since he lives forever, it does not
matter when he makes his decisions. Therefore, the value function
and the policy function do not depend on time. His problem is
stationary.
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An Infinite Horizon Problem

@ There are several methods to analyze the Bellman equation (2):

@ Guess and Verify Method
@ Euler Equation
© Numerical method.
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Numerical Method

@ The original problem can be approximated by a finite horizon problem:

T—oo {X;} t=1

T-1
U(S;,7) = _lim max { [Z B (X, S) + BT vy (57)] } :
S.t. 5t+1 = G (Xt, St) ,
St is given.

@ It is shown that we can approximate the Bellman equation (2) by the
corresponding finite horizon problem.

V(S) = , IirpOo Vi (S).
Ve(S) = max{r(X.5)+pVet (G(X.5)}  (3)
Since there exist a unique value function V (-), if we iterate equation

(3) from an arbitrary initial value function V1 (S) for any S, it must
converge to V (S).
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An Infinite Horizon Problem

o Example: Suppose that S € {1}. Therefore,
Sty1 = G (X¢, S¢) =1 for any t. Suppose that.

xi(1) = argmax{r (X, 1)+ BVera (6 (X,1))}
= arg m)?x{r (X, 1)+ BVes1 (1)}
= argm)?x{r(X,l)}Ex(l)

Then
Ve(l) =r(x(1),1)+BVir1 (1).
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An Infinite Horizon Problem

ThelExistence®fa Globally@table@ nique®/alue
Function

Ve(1)

P Ve(1) = Ve (1)

——

r(x(1), 1) + BVe, 1 (1)

V(D) V(D) Vo()  Verr (D
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Guess and Verify Method

@ Guess and Verify method: One way to analyze the property of
equation (2) is guess and very method. The first, guess what would
be the property of V (-) and assume that the property is true. Then
verify that your guess satisfy equation (2). Since we know the value
function is unique, if a property satisfies equation (2), the value
function must have the property.
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Guess and Verify Method

@ Example: Consider the following problem.

[ee]

max Y _ Bfu(ct),
{ee} +=0
st.arr = (14+p)ar+w—c¢
@ Bellman Equation

V(a) = mC?x{u(ct) +BV((1+p)ar+w—c)}
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Guess and Verify Method

o Guess V (a') > V (a) if & > a. Suppose that

c(ar) = arg mczfx{u(ct) +BV((1+p)ac+w—c)}

Note that
u(c(a)) +BV ((1+p)at +w—c ()
> u(c(ar))+BV ((1+p)a+w—c(a))
> u(c(a))+ BV ((1+p)ar+w—c(ar))

Hence, our guess, V (a') > V (a), is verified.
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Guess and Verify Method

@ Since many applied economists restrict their attention to the case to
which we can apply the first order condition, | explain this method by
using the first order condition. The policy function x (-) must satisfy
the first order condition and the bellman equation for any S as
follows:

0 = n(x(5).S)+BV'(G(x(5).5))Gi(x(S).5) (4)
V(S) = r(x(5),9) +BV(G(x(S).9)). (5)

Given the value function V/ (), equation (4) determines x (-); given
x (+), equation (5) determines V (-). That is, these are simultaneous
equations. We can analyze our model by examining these two
equations.

@ In general we cannot solve a closed form solution. However, there is
a special case in which we can find a closed form solution.
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Guess and Verify Method

@ Example: Consider the following problem.

max ,Bt In ¢,
{ct} ;;
st.aryr = (1+p)ar— ¢
@ We can define the Bellman equation as follows:
V(a;) = mcax{ln e+ BV (at1)},
t

sit. a1 = (1+p)ar—c
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Guess and Verify Method

o Guess V (a;) = f +gln(a;). Then consider the problem
mC;th{In c+B[f+glin(ary1)]},
sit. a1 = (14+p)ar— ¢,
@ First Order Condition implies

I Bg

c(ar) (1+p)ar—c(ar)

@ Policy Function

c(at) — (1+p)af_c(at)
Bg
ﬁg—i_lc(at) — (1+p)af
Bg Bg
C(a) = (1+p) a;
Bg +1
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Guess and Verify Method

@ a1
ay1 = (1+p)ar—c(ar)
B (14p)a:
= (1+p) at—m
_ Pe (1+p)a
Bg +1
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Guess and Verify Method

@ The Maximized Value

Inc(a;) +B[f+gln(ars1)]

= (1+pBg)In [(Hp)at] +B[f +glnBg]

= In

Bg+1
— (e pe)in G B Blr g npel + (1-+ fi)
@ Hence, if we can find f and g that satisfy
f = @ G Bl g
g = 1+pg

then we can verify our guess.
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Guess and Verify Method

Og 1
g:ﬂ
of
f = (1+Bg)in (ﬁli)Jrﬁ[erglnﬁg]
_ 17 (1+p)
= ﬂ_( + Bg)In B + —l—ﬁglnﬁg]
_ 1 B A+p) ﬁ .
R ( - ) o 1-p 1/%]
(B B\ P
B 1—5_( - ) " -F g 1—/3]
_ 1 Tin(1+ ) ﬁ
= 128 1= Inﬁ+|n(1—,6)}

p —B
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Guess and Verify Method

B 1i5 In£1_+IBP)+lf‘8|nﬁ—{—ln(1—ﬁ)—l—lnat
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Guess and Verify Method

@ The guess and verify method demands many calculations. If we are
only interested in a policy function, but not a value function, there is
one way to reduce calculation: the use of envelope theorem.

@ The first order condition and the envelope theorem of the Bellman
equation (2) imply that

0 = n(x(5),5)+BV'(G(x(5),5) G (x(S).S) (6)
VI(S) = n(x(5).S)+BV'(G(x(S).9)) G (x(5).5) (7)

for any S;. Again two unknown functions x (-) and V' (+) can be
solved by two equations.
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Guess and Verify Method

o Note that the first order condition (6) is the same as the first order
condition (4); the envelope theorem (7) is not the same as the
Bellman equation (5).

@ Also note that the previous two equations determine x (-) and V/ (-);
the current two conditions determine x (-) and V' (). In general,
there exists C such that

V(S):/V’(S)dS+C.

Since equation (6) and (7) cannot determine C, without a boundary
condition, equation (6) and (7) cannot solve the value function.
However, if we are only interested in a policy function, equations (6)
and (7) can solve it.
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Guess and Verify Method

o Example: Consider the previous problem again.
V(a;) = mcax{ln e+ BV (1)},
sit. a1 = (1+p)ar—c

@ The first order condition and envelope theorem are

oy = BVt ca)
Vi(a) = B+p)V ((1+p)a—c(a).
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Guess and Verify Method

® Guess V' (a) = £. Then the first order condition is

1 gp
c(ar) (1+p)ar—c(ar)

@ Policy function

c(a) = (14+p)ar—c(ar)
Bg
Petl (o) = (1+p)a:
pg ~ Bg
c(at) — (1+p)af
Bg +1
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Guess and Verify Method

@ Hence,

B(1+p) V' ((1+p)ar—c(ar))
(1+p)

c(ar)

(1+p) Ppg+l

(1+P)at o dt
Bg+1
@ Hence if we find g that satisfies
g=pg+1,

our guess is satisfied.
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Guess and Verify Method

° g

o V' (a)
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Guess and Verify Method

e Assignment: Suppose that r (Iy, K;) = 1+P [th —C ()],
Kiv1 =G (I, Ki) =1+ (1—6)K: and B = p where K: is capital
stock, /; is investment, r is the rental price of capltal, 0 is the
depreciation rate, p is an real interest rate and C (-) is the adjustment
cost of investment, C’ (1) > 0 and C” (/) > 0. A firm chooses / to
maximizes the present value of the stream of r (/;, K;).

@ Define the Bellman Equation.

@ Show that the value function is an affine in K: that is, there exist g
and m such that V (K) = gK + m.

© Show that the investment [ is a function of g.

© Show that g must satisfy
r

p+0o

q:

@ Suppose that C (/) = élz. Derive an investment function.
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Guess and Verify Method

e Assignment: Suppose that r (I, K;) = ﬁ [rK: — I: — C (I, Kt)],

Kiv1 =G (I, Ki) = I+ (1 —9) Ky and B = ﬁ where K; is capital
stock, /¢ is investment, r is the rental price of capital, J is the
depreciation rate, p is the relative price of investment, p is an real
interest rate, and C; (I, Kt) > 0 Cyy (I, Kt) > 0 and Ck (I, Kt) < 0,
C (I, K¢) is the constant returns to scale in / and K. A firm
chooses | to maximizes the present value of the stream of r (/;, K;).

@ Define the Bellman Equation.

@ Show that the value function is linear in K: that is, there exists g such
that V (K) = gK.

© Show that the investment to capital stock, % is a function of Tobin's
Q: gTobin — VK) _ g

pK T p-
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Euler Equation

o Euler Equation: In general, it is difficult to solve a closed form
solution. However, it is possible to analyze the property of solutions
for more general class of functions. Remember that the first order
condition and envelope theorem are

0 = n(x(5),8)+BV'(G(x(S5).S))Gi(x(S).S),
VI(S) = n(x(5),S)+BV (G (x(S).5)) G (x(S),S).

@ Using two equations, we can eliminate V'’ (S) and derive the first
order nonlinear difference equation. This is called Euler equation.

r (Xtvst) _n (Xt+1,5t+1)

- Go (Xer1, Se11) — 2 (Xe1, Ser) -
BG1(Xe,St)  Gi(Xesn, Set1) 2 (Xer1, Se41) = 12 (Xern, Se4n)

(8)
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Euler Equation

@ Although the first order condition and the envelope theorem can
derive the Euler equation, the Euler equation cannot derive the first
order condition and the envelope theorem. That is, the elimination of
V' (S;) discards useful information. Therefore, the Euler equation is
a necessary condition for the original problem, but not sufficient.

o Note that we can derive the dynamics of X; from Euler equation:
Xt =& (5t+1v Xt+1v St)
@ We also have the transition equation for the dynamics of S.

St"r]. = G (Xtv St) !
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Euler Equation

@ It means that

XT = ®(5T+11XT+115’L’)

Xr-1 = ®(S7,.X7,57-1)

ST+1 - G (XTv ST)

St = G(Xr-1,57121)
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Euler Equation

@ These equations imply that from period T to period T — 1, the
number of equations are 2 (T — T) and the number of X; and S; is
2(T —71+1). It means that we need 2 known variables to solve the
sequence of X; and S; between T and T — 1.

@ Now we have one initial condition S;. In a finite horizon case, since
the value function at the end period is given, the first order condition,

n (XT, ST) + ,BV'lr_H (G (XT. ST)) Gy (XT' ST) =0,

determines X1 as a function of St. It gives us one more equation.
This serves as a boundary condition.
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Euler Equation

@ The difficult question is what would be the appropriate boundary
condition in an infinite horizon problem. It is known that the
following transversality condition is sufficient for an optimal solution:

_ i (Xeet, See1)
lim BV (S)S, — — lim g1 Xen5e1) o g g
fim, BV (50) 5t AmF G (Xe-1,5:1) " ©)

Since V' (S;) is the marginal value of S;, B*V'(S;) St is the present
value of stock at t. The transversality condition implies that when t
goes infinite, the present value of stock must be negligible. That is,
we should not be concerned about an infinite period later.

@ Although Euler equation is not sufficient for the original problem,
given usual technical conditions such as concavity etc, it is known
that the Euler equation together with the transversality condition is
sufficient for the original problem.
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Euler Equation

@ Example: Consider the following problem.

[ee]

max Y B*U (),
{ct} =0
s.t.ar+1 = (1 +pf) ar+w — ¢
@ Bellman Equation

V (a, t) = mC?x{U(ct) +BV((1+p,)ar+w —c, t+1)}
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Euler Equation

e FOC
U/ (Ct) = ,BVa (at+1, t+ ].)

@ Envelope Theorem

Va(ae, t) = p(1+p) Va(ar, t+1)
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Euler Equation

o Euler equation:

U (c(at-1,t—1))

; = U'(c(art)) (1+p,)

U’ (ct)
1+
BU (ci-1) &
@ Transversality Condition
!
Jim BV, (ar, t) ar = Jim ﬁfu(;”)at = lim B (1) ar

@ Euler equation is the same as the finite horizon problem, but the
infinite horizon problem requires the transversality condition.
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Euler Equation

@ Assignment: Suppose that
r(le, Ke) = 1+p [reKe — pe (e + C (I, Ke))],
Kix1i =G (e, Ke) = It + (1 =0) K; and B, = 1+p where K; is
capital stock, I; is investment, r; is the rental price of capital, J is the
depreciation rate, p; is the relative price of investment, o, is an real
interest rate, C; (I;, Kt) >0 Cyy (I;, Ky) >0 and Ck (I, Kt) < 0.
Suppose that there exists B such that 8, = 1+p < B <1 (Note

_ BU'(ct11)
that discount factor is time dependent and that 1+p = ey on

the equilibrium from Euler equation by consumers.) A firm chooses /
to maximizes the present value of the stream of r (/, K).

@ Define the Bellman Equation.
@ Derive the Euler Equation.
© Derive the Transversality Condition.
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The Neoclassical Growth Model

@ We apply Guess and Verify method and Euler Equation to the
Neoclassical Growth Model.

@ We also explain the numerical method by using the Neoclassical
Growth Model.

Katsuya Takii (Institute) Macroeconomic Theory



The Neoclassical Growth Model

o Consider the previous neoclassical growth model:

max E ‘BtNtU (ﬁ) ,
t

{Ci} t=0
s.t. KI‘+1 = F (Ktv Tt‘Nt) —+ (1 - 5) Kt - Ct'r Ko is giVen
Tiyi = (1+g)Te, Tois given
Ney1 = (14 n) Ny, Ny is given

o First, we reformulate the model so that the analysis becomes simpler.
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The Neoclassical Growth Model

@ Note that

F(#5.1) + (-0 4%
K1 = [ Tele Cf ) 7 Te N,
_TtNt

Kit1  Tir1Neyr
Toles T (k) H (1= ker = car
ket+1 (1+g) (1+n) = (ket)+ (1_5) Ket — Cet,

f (ket) + (1 —0) ket — Cer

(1+g)(1+n)

ket+1 -
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The Neoclassical Growth Model

@ Note also that

mmzﬁwW<ﬁ>
t

A Ne

a C
= ‘1 fNU( tT>
g o

(o]

= Nomax ) [B(1+ M U (cete Te)
{eet} t=0
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The Neoclassical Growth Model

@ Hence, the original problem is equivalent to

max Z ,BtU (Cet Tt)

feet} 1=0

f(ket) + (1 —0) ket — Cet
(1+g)(1+n)

Tevi = (1+g) T, given (ko, To)

s.t. ket+l

o We assume that B =B (1+n) < 1
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The Neoclassical Growth Model

@ Bellman Equation

V(ket, Te) = max{U(cetTe) + BV (kets1, Te+1) }

fket)+ (1 —0) ket — Cet
(1+g)(1+n)
Tiv1 = (1+g) T:

ket+1

where B = (1+n) < 1.
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The Neoclassical Growth Model

@ First Order Condition

BVic (Ket+1, Te41)
U (caTe) To = P
(et Te) Te (1+g)(1+n)

@ Envelope Theorem

Ve Ty = e e Lo F 000
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The Neoclassical Growth Model

o Euler Equation

U(cetTe) T (14 g) (1 +n)

— >

= U (cet41Te41) Tes1 [f (ket41) + (1 —0)]

Hence

U (cet Tt) (14 n)
U'(Cett1Tev1) B(1+n)
U (cet Tt)
U (Cet+1Te41) B

= ' (ket+1) +(1—9)

= F (ket1) + (1= 0)
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The Neoclassical Growth Model

e Balanced Growth: one of Kaldor's Stylized Facts (1963) suggests that
the rate of return to capital, f’ (ket ), is constant, and therefore,
ket = ket+1 = k in the long run. Remember the dynamics of ket

exhibits
oK)+ -0k~ ca
¢ (1+g)(1+n)
This means ¢t = Cet+1 = ¢ in the long run. Euler equation implies
that (e T
Ce I't / *
—————— =f (k) + (1 -9
UlecTe)p LTI

@ Hence, if we wish to construct a model that can be consistent with

Kaldor's Stylized Facts (1963), % must be constant
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The Neoclassical Growth Model

@ In order to satisfy the empirical regularity that economy must exhibit
a balanced growth, it is well-known that the following functional form

is needed:
T —1
U(ceeTt) = (Cet Te) ,0<0#£1
1-6
This utility function is called the constant relative risk aversion utility
function.
e Remark: It can be shown that
: cee T) 170 —1
tim (T2 e T,
o Because U/ (¢;T;) = (i Tp)?
U (T, T’
(e f)_ (e f) _9:(1+g)6

U'(ciTer1)  (cx(1+g) Te)
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The Neoclassical Growth Model

@ Assignment: Suppose that

(TP -1
U(cetTt) = 170

,6>0

e Show that 6 can be interpreted as the measure of the constant relative

risk aversion: "
V) (Cet Tt) Cet Tt

6=
v (Cet Tl’)
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The Neoclassical Growth Model

@ It is also known that % measures the elasticity of substitution between
consumption at any two points in time.

@ To see this, consider the following two period problems. Suppose
that U (G, Ce1) = u(Ct) + Bu (Cey1) and that the budget
constraint is p; C; + pr+1Ci+1 = W, where p; and p;41 are prices at
tand t +1, and W is the wealth. Since the first order condition is

Pt+1 U> (Ctr CH-l)
Pt B Ut (Ctr Ct+1)
_ B (Ceia)
v (G)

(1-0)_
o IfU(C) = %, then ' (C;) = C; . Hence,

pei1 _ Pu'(Gesr) _ BCh
bt u' (G) Cfe
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The Neoclassical Growth Model

(%)
| ot the elasticity of substituti e din( ")
@ It means that the elasticity of substitution, - d(ptptl) = dln( tl) )

must satisfy the following condition.
din (%) L (%)
d In <

. -0
2 din (f)

It is shown that

() di(Ga) - ()
din (ﬁg) d{inB—6[in(Crr1) —In (Co)I}

~ d[In(Cr) —In(G)] 1
“0dIn (Cor1) —In(C)] 0
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The Neoclassical Growth Model

(1-6) _
@ Suppose that U (cet T¢) = (Cetnl)fgl Then our current objective

function, max.,,; Y12 BtU (cet Tt) can be further rewritten by a
simpler expression.
@ Note that when 6 # 1,

- TV -1
max 1+n elele) =1
{Cet}t; [B(1+ n)] -
1-0
B It (cet To (1+g)t) —1
= nlixtz [B(1+4n) 1_0
_ max{ EEo B (14 n))f (14 ) 0 oD }
{cee} X2 [B(L+ )] 15

t 1-6
Tomax(c,) [2‘;"0 B+ (1+g)"] ‘39}
_ye )
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The Neoclassical Growth Model

@ Hence

argmaxz (1+n)]*

Cet t= ]_—9
<) 1-60
_ (1-6)" (Cet)
= arg?l?}f{;)[ﬁ(l—i-n)(l-i-g) ] -0 }
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The Neoclassical Growth Model

@ On the other hand, when 0 =1, U (cet T¢) = Incet Ty Hence

[ee]

No max Z [B(L+n)] InceT:

feet} =0

= NomaxZ (14 )] [Incee +In(1+g)" +1n To]
Cet t=
- N { max(c,} Lo [ (1 + n)]"In cet }
OV +52[BA+ )] [tin(1+g)+1n Ty

@ Hence
arg max N Z [B (14 n)]"Incet Ty = arg max Z [B (14 n)]"Inces
{eee} 120 {cet} =0
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The Neoclassical Growth Model

@ Hence, the original problem is equivalent to

max Z (ﬁ*)t i (Cet)
{ca} | =0

f(ket)+ (1 —0) ket — ce .
s.t. Ketr1 = ( t()l —|—(g) (1)~|—nt) Ct, given kg

where T (cer) = % if 0 <6 #1andIn(ce), if =1 and
Br=p(1+m(1+g)" ",
o We assume that g = B(14n) (1+g)* % < 1.
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The Neoclassical Growth Model

@ We can define the Bellman equation as follows:

Vike) = max{ifea] + BV (keosn)}

f (ket) 4 (1= 6) ket — Cet
(1+g)(1+n)

where T (cet) = % if 0 #1and In(ce), if@ =1 and
Br=p1+n1+g)"".
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The Neoclassical Growth Model

@ First Order Condition and Envelope Theorem

» _ BV (x(ket))

et = e

BV" (i (ket)) [ (ket) + (1 —9)]
(1+g)(1+n)

V' (ket) =

where

f(ket) + (1 —08) ket — ¢ (Ket)
(1+g)(1+n)

K (ket) =
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The Neoclassical Growth Model

e Assignment: Suppose that § = 1 and therefore @ (c) =Inc, 6 =1
and f (ke) = kZ. Show that

cket) = (1—ap’) ke
_ ofke
el = (1+g)°
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Guess and Verify Method for Growth Model

TheNeoclassicallGrowth@Vodel

k
t+1 —
© ket+1 - ket

re(ked)
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Euler Equation for Growth Model

@ We cannot analyze guess and verify method for more general case. In
this case, we can derive Euler equation.

@ Remember that the first order condition and envelope theorem are

BV’ (x (ket))

(1+g)(1+n)

BV’ (K (ket)) [f' (ket) + (1 = 9)]
(1+g)(1+n)

i [c (ket)] =

V' (ket) =
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Euler Equation for Growth Model

@ Hence, the Euler equation is

i (cet—1) (1 +g) (L +n)
ﬁ*
(14+g)(1+n) T (cet)
B(L+n)(1+8)" P& (Cers1)
i (Cet) f' (Ket+1) + (1 —90)
B’ (Cer+1) (1+g)°

= 0 (cet) [ (ket) + (1= 9)].

= ' (ket+1) + (1 9)
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Euler Equation for Growth Model

EulerEquation2

Cet+1

\ T (Car)

= B (Corrn)

fKer 1) + (1 —8)
1+ °

et
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Euler Equation for Growth Model

1-6
o Note that @ (cet) = % means ' (cet) = (cet)_e. Hence the
growth rate of the consumption is

(ce) Bl (ketr) + (1—5)]

(Cet1) " (1+g)°
(Cet+1>9 _ Bl (kett1) + (1 = 9)]
Cet (1+g)9
Cerr1 [ﬁ[f’(ket+1)+(1—5)] !
Cet (1+g)°
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Euler Equation for Growth Model

@ One additional condition is the transversality condition:

0 = tIergo(ﬁ*)tV’(ket)ket
= im (67 e q g @
0 = lim [ [cet—1] " ket

Economic interpretation of this transversality condition is that it is
not optimal to keep capital stock at the final date when the marginal
value of consumption is positive. If so, the agent can always lower
capital stock and consume more.
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Euler Equation for Growth Model

@ Optimal Growth

st [ﬁ[f’(ket+1)+(1—5)]r

Cet (1+g)
f(k 1—6) ket —
ket+1 — ( et()l_:_<g) (1 )_}— ;t) Cet, ko is giVen
0 = Jim )" [eet—1] ™" ket

where B* =B (1+n) (1+g) % < 1.

Katsuya Takii (Institute) Macroeconomic Theory 86 / 463



Steady State Analysis

o Steady State Analysis: the steady state is a point such that

x _ x _
Ceo = Cet+1 = Cet, ke = ket+1 = Ket

@ Note that if an economy reaches the steady state, the transversality
condition is satisfied.

0 = lim [g"]"" [c] "k

t—oo

= lim [g"]""

t—oo
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Steady State Analysis

@ Suppose that p = Where 0 is the discount rate. Then, on the
steady state
BIF (k) +(1-0)] = (1+g)
0
I )
= (1+g)"(1+0) —(1-0)
and
. )Tk -
e (1+g)(1+n)
¢ = F)+(1—08)ki—(1+g)(1+n)k
fke) = [(1+g)(1+n) —(1-0)]k

Katsuya Takii (Institute) Macroeconomic Theory 88 / 463



Steady State Analysis

@ Golden Rule: Note

e = k) - [ +e) (1t~ (1)
d2c*e
aer ~ IS0

Hence
f(kEF) = (1+g) (1+n)— (1)

o Compare with

f’(k;‘):“*[f)e—(l—a)
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Steady State Analysis

o Because B* =B (1+g) P (1+n) <1,

(1+g)(1+n) —(1—5)— M—(l—a)]

p

(1+g)°

p
= [5(1+g)19(1+n)—1}(1J’r‘f)9<0.

= (I1+g)(1+n)—

@ Hence
£ (KEF) < (kD) = ke < kEF

o Because people discount future, the steady state value of capital stock
is lower than the golden rule level of capital stock. The steady state
level of capital stock is called the modified golden rule level of capital
stock.
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Steady State Analysis

@ Saving rate:

Yt_Ct
Yi
[f (ko) — c2] TeN:

f (k&) TeN;
f(ks)—[f (ki) — (6 +g+n+ng)k:]
f (ks)
(6+g+n+ng)k
f (k)

Hence the constant saving rate is supported around the steady sate.
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Steady State Analysis

o Assume f (k) = k*. Then f' (k) = ak®"1. Hence,

(6+g+n+ng)k}

(k3)"
k* 11—« _ S
(k) p
1
ky = |——— .
[(S—G-g—i—n—l—ng}

This condition is the same as that in Solow model.
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Steady State Analysis

@ Now we can endogenize s. Note that on the steady state,

fl(k) = (1+g)"(1+0) —(1-0)
1

a(k) 7T = (1+g) (1+0) —(1-95),
1—ua o

(1+g)" (1+0) —(1-6)

Hence

s = (0+g+n+ng) (k)™
a(0+g+n+ng)
(1+g)°(1+0) —(1-9)
a[(l+g)(1+n)—(1-0)]
(1+8) (140 —(1-9)
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Steady State Analysis

@ Note that saving rate is larger when we have more population growth.
When you expect to have more children in future, you will have move
incentive to save.

@ When g is large, the agent largely discounts his future. Since today is
more important than tomorrow, the agent saves less.

@ Similarly, the larger the marginal rate of substitution %, the saving
rate is. When 6 is small, the marginal rate of substitution is large.
The agent is willing to change his consumption in response to the
changes in the return. When the economy is growing, the return is
high. Therefore, this behavior implies that the agent saves more.
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Steady State Analysis

@ The steady state value of capital stop per unit of effective labor is.

@ Using that y;

Katsuya Takii (Institute)

1

[ 1 a(6+g+n+ng) o
[O+&+n+ng(1+g)" (1+0)—(1-0)

- . L
1+ 1+ (1=

= (k)"

\£

ﬁt_

« T-a
(1+g)" (1+0) - (1—5)] B
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Steady State Analysis

o Different from Solow model, population growth has no impact on the
GDP per capita. Because the saving rate is an increasing function of
population growth, the negative impacts of population growth on
GDP per capita is canceled out.

@ The more the agent discount the future, (large 0), the lower the
saving rate and, therefore, the lower the steady state value of per
capita GDP.

@ Hence, the larger the marginal rate of substitution % the larger per
capita GDP is.
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Steady State Analysis

@ Assignment: Derive the consumption per capita on the steady state.
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Numerical Analysis

@ In order to obtain a numerical solution, many economists use Matlab.

@ Although this may not be the fastest program, it is instructive to
demonstrate how we can write Matlab code to obtain a numerical
policy function and numerical value function of the neoclassical
growth model.

@ | first explain the basic code of Matlab and later | use Matlab to
derive a numerical policy function and numerical value function.
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Numerical Analysis

@ Turning on Matlab: To access Matlab, you can go to the network
center.

e If you cannot go to the network center, you can alternatively use GNU
Octave (basically a free clone of MATLAB).
o In order to obtain GNU Octave, go to

@ https://www.gnu.org/software/octave/.
o If you want to know how to use GNU Octave, go to

@ http://www.struct.t.u-tokyo.ac.jp/katsu/lectures/optimization/octave-
digest.pdf

o https://en.wikibooks.org/wiki/Octave Programming Tutorial

@ https://octave.org/doc/v4.0.1/
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Numerical Analysis

o Getting Help in Matlab: If you have questions about the use of a
particular command, you just type

o help [command]

o Example: the command "plot" plots variables. If you want help on
how to use it, you would type
help plot
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Numerical Analysis

o Basic Math in Matlab:

e Symbols for basic operations are "+" for addition, "-" for subtraction,
¥ for multiplication and "/" for division. """ is "to the power of."
If you want Matlab to perform a computation, just type it.

o Example: if you want Matlab to compute "2+2," just type into the
command line
242

e If you want to assign a value to a variable, just type it out.

o Example: if you want the variable "apple" to have the value 3 and the
variable “orange” to have the value 5, then type
apple=3
orange=5
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Numerical Analysis

o Basic Math in Matlab:

e Matlab will remember these values unless you change them.
Computations with variables are just as simple as with numbers.

o Example: if you want to find out what appletorange is, you just type
apple+orange
e You will notice that when you type something like "apple=3," the
computer repeats it. To stop that from happening, just put a
semi-colon at the end.
o Example: If you don't want the computer to repeat what you have

done, type
apple=3;
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Numerical Analysis

@ Vectors and Matrices: For the most part, in Matlab you will be
programming with vectors and matrices, not just numbers. This is no
big stretch, however. After all, a variable is just a 1 X 1 matrix.
Matlab uses the notation X (7, ) to refer to the element in the ith
row and the jth column of a matrix X.

o Example: if you have a matrix called "apple" and you want the 3rd
element of the second row to equal 4.5, you would type
apple(2,3)=4.5;

If you haven't told Matlab that you want a matrix called apple that is
at least 2x3, however, it may give you an error. Therefore, it is a good
idea to initialize all matrices at the beginning of the program before
you actually use them. This is called "declaring" a variable. One way
to do this is to write

apple=zeros(2,3);

e Matlab creates the 2x3 matrix apple, and sets all its elements to equal
zero.

Katsuya Takii (Institute) Macroeconomic Theory 103 / 463



Numerical Analysis

@ Loops in Matlab: All programming languages of which | am aware
make extensive use of something called "loops". This is a way of
repeating a certain task many times or under certain conditions.

@ for... end: This is the classic loop.

e Example: Suppose you wanted to create a 101x1 vector called
"orange", where the elements are the numbers from zero to 1 in
increments of 0.01. You would do the following:

e for i=1:101
orange(i)=(i-1)/100;
end
e Matlab begins by setting i=1, then proceeds until it hits the word
"end". Then it returns to the "for" line, sets i=2, and repeats this
process until i=101.
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Numerical Analysis

@ You can have multiple concentric loops.

o Example: suppose that for some reason you want to have a 100x100
matrix X where Xj; = i 4+ j3. Then you would use:

o X=zeros(100,100);
for i=1:100
for j=1:100
X(ij)=i"2+j"3;
end
end

o Notice that what is inside each loop is indented. When you have a lot
of loops it can be hard to keep track of things, and indentation is a
way of telling where you are.
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Numerical Analysis

o if... end: Another loop-like structure involves conditional statements.

o Example: Suppose you have generated a vector of 100 numbers called
X. You want to see whether they are positive or negative, and store
that information in another vector called Y. You could proceed as
follows.

e Y=zeros(100,1);
for i=1:100
if X(i)>0
Y(i)=1;
end
end

o When it reads "if", Matlab checks whether the condition is met
(X(i)>0) and if so performs what comes afterwards until it hits "end."
If the condition is not met, it just ignores everything until "end".

Katsuya Takii (Institute) Macroeconomic Theory



Numerical Analysis

@ An alternative is
o Y=zeros(100,1);
for i=1:100
if X(i)>0
Y(i)=1;
else
Y(i)=0;
end
end

@ Here Matlab does the same as before, except that if the condition is
not met it does not ignore everything, rather it executes the
commands that lie after "else" instead. In this example, of course,
that is redundant (since the default value of Y is zero).
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Numerical Analysis

@ Writing your own Programs and Functions in Matlab:

o Programs: A "program" is nothing but a list of commands (such as
those above) that you save so that you can use them over and over
again. How do you write programs? Just find any text editor, and type
out the sequence of commands that you desire. Then, save it to a disk

o Example: You can save your program to a file such as "macroll.m" If
you want to run macroll.m, just type
macroll
Then Matlab will perform all the commands in the file, in order.

o There is a function in Matlab called "save." However, "save" does not
save programmes, rather it saves the values of all the variables in the
memory.

e Example: if you type:
save katsuya
Matlab will create a file called katsuya.mat. If for some reason you
wanted to retrieve the values of the variables in that file, you would
type:
load katsuya
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Numerical Analysis

@ Functions: Sometimes you may find it convenient to write down a
function that does not exist in Matlab. Then you can use a
command “function”.

o Example: This would be a file takii.m:
e function [z] = takii(x)
z = (x+1)"2;
After saving this file, if you input “takii(2)” into Matlab you should get

“9" as output: takii.m is now a function. In that program, x represents
the input and z represents the output.
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Numerical Analysis

@ Solving equations: Matlab can also help us to solve non-linear
equations.

o Example: The following line embedded in another program finds the
zeroes of ‘takii’, or {x : takii(x) = 0}:
fsolve(‘takii’, 10)
Matlab starts at x = 10 and uses gradient methods to find the value of
x such that takii(x) is zero. In our example, x = —1.

o Why would you want to do this? Many economic problems are solved by
finding values of some variable x such that f (x) = 0 for some function
f. For example, the deterministic steady state in the neoclassical
growth model is defined in this manner. Fsolve is one way to find it..
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Numerical Analysis

o Comments: Good programming style follows certain conventions so
that others can easily pick up your code and see what you are doing.
For this purpose, it is important to write comments on your program.

o Example: If you want to make a comment, "This is where | compute

the steady state." you would type:
% Here | compute the steady state
Matlab ignores everything in a line after it sees "%", so you can write

anything there that you wish.
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Numerical Analysis

@ We are now ready to write a program to derive a policy function and
a value function of the growth model expressed by the following
Bellman equation.

V (ket) = ngix{u[cet]ﬁ—ﬁ*V(ketH)}

kgt + (1 _5) Ket — Cet
(1+g)(1+n)

ket+1

1-6
where T (cet) = % if 0 #1, In(cet) if@ =1, and

¥ 14n)(14-g)10
B _( )(Hgg) _
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Numerical Analysis

@ | explain the process with the help of the LECTURE NOTE OF
RECURSIVE MACROECONOMICS by MARTIN ELLISON. The
following argument is based on his lecture note.

@ There are four main parts to the code:

© parameter value initialization,
@ state space definitions,

© value function iterations

Q output.
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Numerical Analysis

o Parameter value initialization: Start new program by clearing the
work space. Parameters are initialized with theta the coefficient of
relative risk aversion, discount the discount rate, alpha the exponent
on capital in the production function, g the growth rate of
productivity, n the population growth rate, beta discount factor and
delta the depreciation rate.

e clear all
theta=1.2;
discount=.05;
alpha=.3;
g=0.02;
n=0.02;
beta=((1+n)*((1+g) " (1-theta)))/(1+discount);
delta=.05;
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Numerical Analysis

o State space definitions: We now construct a grid of possible capital
stocks. The grid is centered on the steady-state capital stock per unit
of effective labor, with maximum ( ) and minimum () values 105%
and 95% of the steady-state value. There are N discrete points in the
grid. Note that

K= a ] -
a4+ 1+ -(1-9)
e N=1000;
Klst:r):)(alpha/(((l +g) " (theta))*(1+discount)-(1-delta))) ~ (1/(1-
alpha));

Klo=Kstar*0.95;
Khi=Kstar*1.05;
step=(Khi-Klo)/N;
K=Klo:step:Khi:
I=length(K);
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Numerical Analysis

@ K is the vector.

K = [Klo, Klo + step, Klo + 2step, ..., Khi]

/
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Numerical Analysis

@ Value function iterations: Value function iteration requires 3 steps

@ Set initial guess for the value function.
@ Express one period return function as a function of current state
variable and future state variable.

@ In this way, the Bellman equation can be expressed only by current
state variable and future state variable.

© Iterations

o Add one period return function to the discounted initial guess and find
the optimal value. This value serves the initial guess in the next round.
Iterate it until the initial guess meets the optimal value.
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Numerical Analysis

o Initial Guess for the value function: initial guess is taken by
assuming that all capital is always consumed immediately. In this

case,

Katsuya Takii (Institute)

v = In(ytot) if 6 =1
_ (o)™
o = 10 , if 0 # 1.
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Numerical Analysis

@ Hence, our initial guess is written as

o ytot = K. "alpha+(1-delta)*K;
ytot=ytot *ones(1,1);
if theta==1
v=log(ytot);
else
v=ytot. “(1-theta)/(1-theta);
end
where ones(1,/).are 1 x [ vector of 1 and the syntax .~ defines
element-by-element operation, so each element of a vector or matrix is
risen to the power of the exponent.
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Numerical Analysis

@ Note that vis / X | matrix with every column being the same. For
example, if 0 # 1,

[(Klo)*+(1-8)KIo]' ™" [(Klo)*+(1-8)Kio]' ™" [(Klo)*+(1-8)Kio]' "
1-6 1-0 1-9

[(Khi)*+(1—5)Khi [(Khi)*+(1—0)Khi
-0 1-6 1-6

]1—9 ]170
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Numerical Analysis

o Express one period return function as a function of current
state variable and future state variable. For use in the value
function iterations, we define an / x | matrix C

e (1,1) ... c(1,0)
C = - . .
ce (1) . c(l,])
(i) = K (G)+ (1= 6) ket () — (1+8) (1+ ) ketir (1)
ket ) = Klo+ (j —1) x step,
ket+1 (1) = Klo+ (i —1) x step
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Numerical Analysis

@ The program for this operation is

e for i=1:I
for j=1:1
C(ij) = K(j). “alpha + (1-delta)*K(j) - (1+g)*(1+n)*K(i);
end
end
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Numerical Analysis

@ Next, we need to map consumption levels into utility levels by
applying the suitable utility function. The syntax ./ defines
element-by-element operation rather than matrix division implied by
using the / operator.

o if theta==1
U=log(C);
else
U=(C."(1-theta))/(1-theta);
end

Katsuya Takii (Institute) Macroeconomic Theory 123 / 463



Numerical Analysis

o lteration: Now we can use our first guess of the value function to get
the second estimate v1, which will be the start of our next T
iterations.

o T=100
for j=1:T
w=U+beta*v;
vli=max(w);
v=vl’ *ones(1,1);
end
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Numerical Analysis

@ Note that wis the / X | matrix. Suppose 8 # 1. Then

LEN= vy o B gy ()

[ee(LD)] 7 /1 —}—‘B*v( ) [ce(llvi)gl—e +ﬁ*v(l1 /)
e (i) = kfi‘t(-) (1 —6) ket () — (1 +g) (1 + n) kees1 (i)
[kee 1 (D) + (1= ) ko1 ()]

ket ) = Klo+ (j —1) X step,
ket+1 (1) = Klo+ (i —1) X step
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Numerical Analysis

@ Hence, v1 find the maximum value for each column.

g 1-60
vl = [ [ee (if lelp D] +,B v(ii 1) . [e(ll-_’z)} —|-,3*V(I',*./)]

ok

where i is the maximum indices of the j th column.

@ Hence, v is again, | X | matrix with every column being the same.
For example, if 6 # 1,

ok 1-6
%W*v(m) R +5 v(if,1)

[Ce(l' +,3 (- el ’/ +ﬁ (i, 1)
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Numerical Analysis

@ QOutput: Value function iterations are now complete. The final value
function is stored in Val and the indices of the future ke;1 are stored
in ind. These latter indices are converted into ke:+1 values in optk.
Using optk, we can create the optimal value of consumption, optc.

o [val,ind]=max(w);
optk = K(ind);
optc = K. "alpha + (1-delta)*K - (1+g)*(1+n)*optk;
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Numerical Analysis

@ To illustrate the results, | first plot the value function.

o figure(1)
plot(K,v1’,'LineWidth’,2)
xlabel('K');
ylabel('Value’);
legend('Value function’,4);
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Numerical Analysis
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Numerical Analysis

@ Next | plot the policy function
o figure(2)
plot(K,optc’,'LineWidth’,2)
xlabel('K’);
ylabel('C’);
legend("Policy function’,4);
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Numerical Analysis
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Numerical Analysis

o It is also useful to plot how ke 11 varies as a function of ke;. It shows
that an economy converges to the steady state.

o figure(3)
plot(K,optk’,'LineWidth’,2)
hold on
plot(K,K’,"-r’",'LineWidth’,2)
xlabel(’K’);
ylabel('K");
legend(’Policy Function 2','45 degree line’,4);
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Numerical Analysis
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Numerical Analysis

@ Another useful figure is showing net investment ket+1 — ket as a
function of ke:. The figure confirms that net investment is positive

when ke; < k' and negative when ko > k7.

o figure(4)
plot(K,(optk-K)','LineWidth’,2)
xlabel(’K’);
ylabel('K" - K');
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Numerical Analysis
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Numerical Analysis

@ To gain an insight into the dynamics of the adjustment process, it is
useful to calculate the path of convergence of capital if initial capital
is not equal to its steady-state value. p is the number of periods over
which to follow convergence. The indices of the capital choices are
stored in the p X 1 vector mi and the capital stocks themselves are
stored in the p X 1 vector m. The initial index is taken as 1 so the
initial capital stocks are at its maximum value.

o p=50;
mi=zeros(p,1);
m=zeros(p,1);
mi(1)=N;
m(1)=K(mi(1));
for i=2:p
mi(i)=ind(mi(i-1));
m(i) = K(mi(i));

end
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Numerical Analysis

@ We can plot this dynamics by the following program.

o t=1:1:50
figure(5)
plot(t,m)
xlabel('t');
ylabel('k(t)’);

Katsuya Takii (Institute) Macroeconomic Theory 137 / 463



Numerical Analysis
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Numerical Analysis

e Assignment: Go to the following website of MARTIN ELLISON and
download Matlab program for the deterministic growth model.
Modify the program and replicate what | have done in this lecture.

http://users.ox.ac.uk/~exet2581 /recursive/growdiscl.m
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Recursive Competitive Equilibrium

o Market Economy: This section introduces a recursive competitive
equilibrium. Recursive competitive equilibrium is a particularly
convenient because

© it naturally fits the dynamic programing approach.
@ it is easily applied in a wide variety of settings, including those with

distortions.
© the equilibrium process can be computed and can be simulated to

general equilibrium paths for the economy.
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Recursive Competitive Equilibrium

@ We ask how does this command economy relate to the market
economy? In order to answer this question, remember that the first
and second welfare theorem. The first welfare theorem says that the
market economy is Pareto optimal under some conditions. The
second welfare theorem says that the Pareto optimum allocation can
be supported by a market economy with a income transfer under
some conditions. Note that our command economy is Pareto
optimum and since every agent is identical, there is no reason to
consder a income transfer in our model. Hence, there must have
prices which support our equilibrium.
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Recursive Competitive Equilibrium

@ In this section, we show that our economy can be supported by a
market economy. In particular, we show that there is a price
mechanism that can reproduce a following policy function and a value
function that satisfy the first order condition and envelope theorem of
our problem.

” _ V' (i (ket))
i [c(ket)] = W

g)
) _ BV (k (ket)) [ (ket) + (1 —6)]
Vilke) = (1+g)(1+n) !

where
f (ket) + (1 — 5) ket — C (ket)

(1+g)(1+n)

K (ket) =
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Recursive Competitive Equilibrium

@ Let us first consider the following representative household problem

max iﬁtNtU(ct)

{Ct}?ozo t=0
s.t. AH-l = (1+p(ket))At+W(ket) TtNt—CtNt, Ao = keOTONO
f (ket) + (1 —=6) ket — C™ (ket) o
k, = k
et+1 (+g) (1+n) . keo is given
Tiyi = (1+g) Te, Tois given
Neyr = (14 n) Ny, Ny is given

where ¢; is consumption per capita, A; is the asset of this household,
ket, T+ and N, are aggregate state variables.

o Note that the interest rate p, and the wage per unit of effective labor,
w are function of the aggregate capital per unit of effective labor, ke;.

@ We also assume that an initial individual asset is the same as the
aggregate capital, Ay = keg ToNp.
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Recursive Competitive Equilibrium

o Assignment: Suppose that

(T -1

T:) = >
U(Cet t) 1-0 ,6_0
Show that the original problem is equivalent to
max Z (B*) 1 (cet)
{eet} t=0
. (1+P<ket>) aet+W<ket> — Cet .
aet_l,_]_ — » d0 = Ke0

(1+g)(1+n)
f(ket)+ (1 —0) ket — C™ (ket)
(1+g)(1+n)

S.t. Kety1 . keo is given

where T (cet) = % if0<60#1, In(ce)if6 =1, and
B =B(+n(1+g""
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Recursive Competitive Equilibrium

@ Bellman Equation

VI (et ket) = max i (cor) + BV (aecs, keri1) }

(1 +p (ket)> et + W (ket) — Cet
(1+g)(1+n)

f (ket) + (1 —08) ket — C™ (ket)
(14+g)(1+n)

det+1 =

ket+1
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Recursive Competitive Equilibrium

@ First order conditions

~/ c(a _ ,B*Vlh (aet+1yket+l>
Heleled) =TG5 g

where ¢ (@et, ket) is a policy function

@ Envelope Theorem

ﬁ* Vlh (aetJrl: ket+1) [1 + Y (ket)]
(I+g)(1+n)

Vlh (aetv ket) =
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Recursive Competitive Equilibrium

@ Assume that a representative firm maximizes capital and labor given a
factor price functions

;nfaz(t {F (th TtLt) — 1 (ket) K — w (ket) TtLt} ,

= Temax {F (kgt, 1) — 1 (ket) kfy —w (ket)} L

ketlLf

= Top{r (k) ~ ik K w1

f
where kf, = % The rental price r is also the function of the
aggregate capital per unit of effective labor.

@ The first order conditions are
r(kee) = f' (kef(ket)),
wker) = (KL (ket) ) = 1 (ket) KL (ker)
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Recursive Competitive Equilibrium

@ Arbitrage condition

p (ket) = r(ket) =6
@ Labor and Capital Market

Lt = Nt,
k: (ket> Tily = aer Tt N:

o We assume that the initial value of individual asset is the same as that
of the aggregate asset.

aet Tt Nt = ket Tt Nt
e Two market conditions with this initial condition imply

kef (ket) = ket = aet.
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Recursive Competitive Equilibrium

Definition: Recursive competitive equilibrium consists of a value function
V] (aet, ket ), a policy function c (aer, ket ), a corresponding set of
aggregate decision C™ (ke), production plans k! (ket), set of factor price
functions, {r (ket) ,w (ket),p (ket)} such that these functions satisfy

@ Household

. BV (aets1, kets1)
u (C (aetyket)) - (11+g) (1_|_n)
BV (Gern, keri1) [1+ p (Ket)]
Vlh (aety ket) - L (1 T g) (1 + n)
where

Berpl = (1+P(ket))aet+w(ket) _C(aetvket)
et+ (1+g)(1+n)

kersn fket) + (1 —0) ket — C™ (ket)

(1+g)(1+n)
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Recursive Competitive Equilibrium

e Firm
r(kee) = f' (kef(ket)),
wike) = £ (K (ket)) = r (ket) KE (Ket)

@ Arbitrage condition
0 (ket) = r(ket) — 6
o Capital and Labor Market with initial condition

kef (kEt) = ket = aet-
@ the consistency of individual and aggregate decisions

cm (ket) =cC (ketv ket)
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Recursive Competitive Equilibrium

o Note that there exist k! (ket), r (ket), p (ket) and w (ke:) that satisfy
the definition of RCE and

kg (kef) ket

rkee) = f (ket)

p(ket) = f'(ket) =0,

w (ket) = f (ket) —f (ket) Ket.
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Recursive Competitive Equilibrium

@ From the definition of the recursive competitive equilibrium

(1+r (ket) = 6) ket + w (Ket) — ¢ (Ket, ket)
(1+g)(1+n)
(14 r (ket) — 0) ket + f (ket) — r (ket) ket — ¢ (Ket, Ket)
(1+g)(1+n)
f(kE (ket)) + (1= 6) ket — € (Ket, ket)
(1+g)(1+n)
f(ket) + (1 —0) ket — C™ (ket)
(1+g)(1+n)

det4+1 =

= Kety1
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Recursive Competitive Equilibrium

@ Therefore, households’ first order condition is

~/ m o ﬁ*vlh (ket luket 1)
T(CT (het)) = (1+g)?1+n+)

@ Envelope theorem is

x\/h ] B
VI (et ket) = P2 (ket+(11v l_(:t;r)l)(l[f+(,/:)et> +1-4]

Katsuya Takii (Institute) Macroeconomic Theory 153 / 463



Recursive Competitive Equilibrium

o Define V™ (ko) = V' (ket, ket)

BTV™ (ket)
(1+g)(1+n)
BT V™ (ket+1) [ (ket) +1 9]
(1+g)(1+n)

'(C7 (ket)) =

Vm/ (ket) —
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Recursive Competitive Equilibrium

@ Remember that Social Planner Problem is summarized by

BV’ (ket+1)
(1+g)(1+n)
BV (ket+1) [’ (ket) + (1 —9)]
(1+g)(1+n)

i (C(ket)) =

@ We know that there exists the set of policy functions and the marginal
value function {C (ket), V' (ket)} that satisfies these equations exists
and unique. It means that {C™ (ket), V™ (ket)} exists and

C™ (ket) = C (ket), V™ (ket) = V' (Ket) .
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Recursive Competitive Equilibrium

@ Given the existence of the aggregate consumption function C™ (ket)
and the price functions p (ket) and w (ket), there exists
{c (@et, ket) , VI (aer, ket)} that satisfies the definition of RCE
because these are the solutions to the standard Dynamic
Programming given the price functions and the aggregate decisions.
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Recursive Competitive Equilibrium

@ We have proved that there is a price mechanism that can reproduce
social optimal allocation.

@ Obviously, we are interested in a decentralized economy, but not a
planner problem. But, because the social planner problem is easier to
deal with, if you are interested in a perfectly competitive economy as
a benchmark, you can analyze an optimal growth model.

@ If you are interested in a distorted economy, you cannot use an
optimal growth model. However, you can still use a recursive

competitive equilibrium, though the proof of existence might be more
difficult.

@ Although | mainly discuss an optimal growth model in this lecture, you
can apply a recursive competitive equilibrium to varieties of issues.
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Recursive Competitive Equilibrium

o Assignment: Consider the following social planner’s problem.

max iﬁtU(Ct) ,

{G) =0
s.t. Kt+1 = F(Kt,N)+(1—5> Kl'_ Ct,KO is given.

where C; is consumption, N is population, K; is capital stock,
B € (0,1) is a discount factor, ¢ is the depreciation rate of capital
stock. Population is assumed to be constant. Assume that the
aggregate production function, F (-, -), satisfies usual assumptions: it
exhibits the constant return to scale, the first derivative is positive,
the second is negative and it satisfies Inada condition. No population
growth and no technological growth.
@ Define the recursive competitive equilibrium that can support the
resource allocation of this problem.
© Show that your equilibrium allocation is the same as the resource
allocation of this problem.
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Overlapping Generation Model

@ Recursive competitive equilibrium assumes that agents behave as if
they never die. Some of you may think that this assumption is
extreme.

@ In order to understand how restrictive this assumption is and when
this assumption is justified, this section briefly discusses about an
overlapping generation model (OGM). The main difference from the
recursive competitive equilibrium is that there is turnover in the
population. New generation comes to society; old generation leaves.
This model is especially useful when you are interested in interactions
across generations.

@ It is shown that (1) when we have turnover in the population,
economy may not be Pareto optimal and (2) a recursive competitive
equilibrium can be justified when parents care about their children
very much.
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Overlapping Generation Model

o Basic Model:

o For the simplest case, each agent lives in two periods; young and old.

e In each period, new young enters the economy and old leaves.
Therefore there is turnover in the population in each period.

e The agents are identical in their generation, but differ across
generation.
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Overlapping Generation Model

Overlapping Generation Model

Young old

Young old

Young old
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Overlapping Generation Model

@ Household: The agent with a constant risk aversion solves the

following problem:
(1-6) 1-6
max {Cyf _1+ 1 Cc(>t+1)_1}
0

CytvCoH»l ]- - 9 1 + Q 1 -
s.it.s) = wp—Cp (10)
Cort1 = (1+p0,41) st (11)

where s is net saving, ¢,; and c,; are consumption when he is young
and old, respectively. When the agent is young, he earns wage w;.
He decides whether he consumes today or save it for the next period.
When he gets age, he retires and receives income from his saving.
Since he does not have the next period, he consumes all his wealth
when he is old.
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Overlapping Generation Model

@ This model can be simplified by

n - n (179)
max [Wt—st](l 9)_1+ 1 [(1+pt+1) St] —1
1-0 1+o 1-0

s{
@ The first order condition is

]—9 (1 +Pt+1) [Cot+1]_9

[eye] " = 1+o0
Hence, X
Cot+1 _ <1+Pt+1>9 (12)
Cyt 1+0

@ This is OGM version of the Euler equation. The agent compares the
interest rate and the discount rate. When the interest rate is higher
than the discount rate, he saves more and increases his consumption
tomorrow. When the discount rate is larger, he increases his
consumption today.
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Overlapping Generation Model

e Combing two budget constraints (10) and (11), | can derive the
intertemporal budget constraint:
ﬂ = Ws. 1
oy P11 ' (13)
It shows that the present value of the stream of lifetime consumption
is equal to the present value of lifetime income, which, in this case,
wages during young.
@ Substituting the Euler equation (12) into (13),

1
140,41\ @
1+0

14+
1+0,44

Cyt = Wt.

Therefore, consumption is linear in wages.
1
(1+0)°
1 1-9
(1+0)7 + (1+pp4) °
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Overlapping Generation Model

@ We can derive the saving rate, s (p, ), as the function of the
interest rate:

Wt — Cyt

s(01) =

Wt
1-0

1-0

(1+pt+1) !
1 fE]
(1+0) + (1+pp) °

As you can see, the saving rate can be an increasing or decreasing
function of the interest rate:

s (0441) 0, if1>6
s" (0r11) 0,if1<6
S (Pryq) = 0, iF1=0
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Overlapping Generation Model

@ This is the result of a usual substitution effect and income effect.
When the interest rate increases, the return to saving increases.
Therefore the agent saves more (substitution effect). On the other
hand an increase in the interest rate implies an increases in lifetime
income. Therefore, the agent consumes more (income effect). As |
discussed in the representative agent model, the parameter % can be
interpreted as the elasticity of substitution between consumption
today and tomorrow. It measures the sensitivity of consumption to
the change in price. When % is larger than 1, 0 is smaller than 1, the
agent is sensitive to the change in the return to saving. Therefore,
substitution effect dominates income effect. The saving rate is an
increasing function of the interest rate.

@ Using this saving rate, the net saving is

s =s (Pt+1) Wi

Katsuya Takii (Institute) Macroeconomic Theory 166 / 463



Overlapping Generation Model

@ Firm: Firms' maximization conditions are the same as before. The
following profit maximization condition characterizes the firms'’
behavior:

re = £ (ket)
W = [f (ket) —f (ket) ket] T:

As usual, | express the first order conditions by the efficiency unit
term.

o Intermediation: The following arbitrage condition is also the same as
before:

pr="re—0
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Overlapping Generation Model

o Labor Market Clearing Conditions: Since only the young works in this
economy, the demand for labor must be equal to the population of

the young.
Lt - Nyt

where Ny; is the population of the young.
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Overlapping Generation Model

o Capital Market Clearing Conditions: We assume that current net
saving by young increases the asset at the next period. But when the
agent gets olds, he consumes every asset he has, which reduces total
asset in the economy in the next period. Therefore, the following
condition must be satisfied.

Atr1 = Ar + SgNyt - 51_?71 Nyt—l
Because this relationship must be satisfied for any t,
Arp1 = 5? Nyt
Since the demand for capital must be equal to the supply of asset,

n
Kit1 = Atr1 = s¢ Nyt
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Overlapping Generation Model

@ We assume that the growth rate of productivity and population is g
and n, respectively:

Tep1 = (I+g)T:
Nytr1 = (1+n) Ny

@ Using efficiency unit, both market clearing conditions are summarized
by

Kivi Ter1 Nyeya
Tt+1Nyt+1 Tt Nyt

Ket+1 (1+g) (1+n) T, = 5{1-

— n
Tt = S t

Kit1
) TeviNyer1” i
population, but the number of young population because only young

can work in this economy.

where ket+1 = Note that the denominator is not total
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Overlapping Generation Model

o Equilibrium: The market equilibrium consists of the sequence of
{(sf. prsy, e, 1, ke) }o . which satisfies

@ Consumer maximizes his utility:
st = 5(0pq) W (14)

1-0

(1 4‘P1r+1)T
1 fE=)
(140)° + (1+ppy)

where s (p,.,) =

@ Firm maximizes its profits:

ryr = fl (ket) (15)
we = [f(ket) — ' (Ket) ket| T: (16)
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Overlapping Generation Model

@ The arbitrage condition:

Pry1 = ft+1 =0 (17)
@ Market clearing condition:

ket+1 (1+g)(1+n) Ty =s;. (18)
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Overlapping Generation Model

@ Combining equilibrium conditions, we can derive

e = g T,
_ 5 (0r41) Wt
(1+g)(L+n) T,
— S (rH-l B 5) [f (ket) - f/ (ket) ket] Tt
(1+g)(L+n) T,
_ 3 (f/ (Ket+1) — 0) [f (ket) — f! (Ket) ket]
(1+g)(1+n)
Ket+1 = (F (Ket+1) +1— 5>1T76 [ (Ket) — f' (Ket) Ket]
(1+0)7 + (f (keesr) +1—0) 7 (1+g)(1+n)
(19)
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Overlapping Generation Model

@ As you can see, this is a nonlinear first order difference equation.
Hence, potentially, we can solve it given an initial condition kg.
Unfortunately, we cannot say much about the property of this
dynamic equation. It is well known that the OGM can produce the
variety of dynamics. It is possible to have multiple steady states in
the OGM. In another case, we cannot determine the dynamics of
OGM. Moreover, OGM can yield a chaotic fluctuation. The
following figures are some examples.
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Overlapping Generation Model

Dynamics of OGM

. kees
Kepa Ketea=ket i Ketea=ket

Ket et
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Overlapping Generation Model

@ The dynamics of the OGM depends on the parameters of the
production function and the utility function. This can be seen as the
advantages and disadvantages of OGM. On one hand, it gives us
possible explanations for several puzzling evidence including business
cycle. On the other hand, it is difficult to tell where we stand and
what would be a policy implication. Anything goes.
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Overlapping Generation Model

@ Two additional assumptions simplify the dynamics of our solution.
Assume that 6 = 1 and the production function is Cobb-Douglas
f (k) = k*. Then equation (19) is

(1—a) (ket)"
(24+0)(1+g)(1+n)
= Al(ke)"

Ket+1

_ aw
where A = o st
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Overlapping Generation Model

The Dynamics of OGM
when 6 = 1 and f(k) = k%

k
t+1 —
< Ker+r1 = Ker

_ AKS,

| <as5°©
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Overlapping Generation Model

@ In this case, there is a unique steady state and economy globally and
monotonically converges to the steady state. Let me derive the
steady state value of ke;. On the steady state ket = kery1 = kg
Then .

l1—« T
kX = 20
‘lergura 20
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Dynamic Inefficiency

e Dynamic Inefficiency: In order to discuss the inefficiency of the
OGM, | examine the golden rule level of capital stock, keGR, which
maximizes consumption per unit of effective population when
economy is stationary. Then | compare kSF and k.

o If k¥ is larger than kSR we can easily find new allocation in which
everybody is better off. To see this, lower k; to keGR during period t.
Since the agent can enjoy more consumption during period t, the
agent is better off. From the next period, economy reaches keGR.
Since keGR maximizes consumption per unit of effective population,
the following generations can enjoy higher consumption and they are
better off. In other word, the steady state is not efficient.

@ Remember that the optimal growth model always satisfy k; < kCR
because B* < 1. As the household in OGM does not need to worry
about infinite period later, this condition does not need to be satisfied.
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Dynamic Inefficiency

o Firstly, note that maximizing consumption per unit of effective
population is the same as maximizing consumption per unit of
effective labor:

B S S ¢ SR
T; [Nyt+Not] T, [Nyt—l-l,\_li_—y;}'
. 1+4+n Ct
- 2+nTtNyt'

where C; = ¢, Nyt + cot Not.  Hence, | find the level of capital stock
which maximizes consumption per workers given any level of
technology.
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Dynamic Inefficiency

@ Social planner faces resource constraint any time. The resource
constraint is

Kev1 = F (Ke, TeNye) — G+ (1= 6) Ko

This means
Kiv1  TevilNprpr = < Kt ’ 1) G +(1-5) K:
Tt+1 Nyt+1 TtNyt TtNyt Tt Nyt TtNyt
ket+1 (1+g) (1+n) = f(ket) —Cet+(1_5) ket

where Cor = S N and ket = Tfl\tlyf'
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Dynamic Inefficiency

@ On the steady state ket = ker+1 = k2™ and cet = ¢*. Hence,
o =Ff(k)+[1-0)—(1+g)(1+n)]k”

@ Hence, the level of capital stock which maximizes consumption per
workers given the level of productivity is

Z; =f’ (keGR) —[(1+g)(1+n)—(1—08)]=0

Note that this golden rule is the same as the golden rule in the
representative agent model.
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Dynamic Inefficiency

@ Note that

p* — I’*—(S
Fke) = " =p o

@ Hence

KSR < KEff (1+g)(1+n)—(1—08)>p"+0
KSR < kX iff (14+g)(1+n)>1+p"

e The growth rate of technology and population growth must be large.
e This is the condition that government debt per nominal GDP never
explore as far as primary balance per nominal GDP does not explore.
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Dynamic Inefficiency

o Assume that f (k) = k%, the golden rule level of capital stock per
unit of effective labor is

w(,F) T = et - (10
GR X =
ke [<1+g><1+n>—<1—5> 1)
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Dynamic Inefficiency

@ Because L
k*—[ 11—« ]1*
L2+ o(+g)(1+n)

| get

® 11—«

GR _ 1+
@ e N e - 1-0) "Gt Ote L)
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Dynamic Inefficiency

@ Hence, there exists parameter values with which the steady state is
not Pareto optimal. This result is contrasted with the one of the
representative agent model in which the allocation is always Pareto
optimal. This result sounds surprising since market is competitive
and no externality in Overlapping generation model. The main
reason is that we have the infinite number of agents in our economy.
The social planner can transfer resources from young to old without a
market. Obviously, the current old is better off and the current
young is worse off. However, the social planner can compensate the
current young when he becomes old by transferring resources from
the next generation. Since we have the infinite number of
generations, nobody may be worse off. This is the reason for
inefficiency. This is called the dynamic inefficiency.
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Dynamic Inefficiency

Dynamic Inefficiency

»
I g
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Dynamic Inefficiency

@ Assignment: A household with a constant risk aversion solves the
following problem:

1
| —
max {ogcyt—i— 1o 0gCot+1}

Cyt:Cot+1
sit.s{ = (1—T)w: — ¢y, Coty1 = (1 + ptH) s/ + Biy1

Government levies a lump sum tax, T and uses the proceeds to pay
benefits to old individual by B. Suppose that Government balances
budget constrained: B; = (1+ n) Tw;. Assume that production
function is K (TtLt)(lf”‘) and the maintain other assumptions in our
lecture note.

@ Derive the difference equation of ke = % How is the equation

influenced by t7?

@ Derive the steady state level of capital stock per unit of effective
workers, kz. How is it influenced by 77

@ Compare the derived k% and k®F. Discuss how T affects the welfare.
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@ The above reasoning suggests that if one generation cares about the
next generation, we may be able to recover efficiency.

@ This motivates us to modify the model to include altruism.
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@ Suppose that the agents cares about their children. More concretely,
the young during period t maximizes the following utility function:

b
1+o0

14+n

Ut:U<Cyt)+ 1+q)

{U (Coty1) + Ut+1} ,

where ¢ is the measure of selfishness. If ¢ = 0, parents treat their
children like themselves. The variable U; is the total sum of
discounted utility of the young during period t. During period t + 1,
an agent expects to have 1+ n children. Since the parents are selfish
in that they care about themselves more than their children, the
benefits from their children are discounted by ﬁ Hence their

utility from their children is }%’Utﬂ_
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@ Assume that
0 = Ilm ﬁsUt_l,_s.
S—00

where § = (H:})*W. Then utility of generation t is
1
U = U(Cyt)+mu(cot+l) + BUit1
_ u(Cyyr) + %_,_QU (Cott2)
= U(Cyt)+1+gu(cot+1)+:5|: +,3Ut+2
= U(Cyt)+mu<cot+l)

+p [U (Cer1) + u (Cot+2):| + B2 Us 12

1
1+o

1 .
= 25 [ Cyt+s) 1+Q“(Cot+s+1)]+5|L”3055Uf+5
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o Ut
1
Z,B [ Cyt+s 1_|_QU(Cot+s+1)]

@ Assume that parents can transfer their income to their children.
Then the budget constraint of each generation must change:

Cyt + St = Wt + mg (22)
Cotr1+ (L+n)ymer = (L+p,.,) st (23)

where m; is the transfer from the parents to their children. Hence,

(T4+n)me1 = (14p,0q) [We +me — ] — Corsn
1+ C
miy1 = T _ﬁtl—;l [Wt +m; — Cyt] - 1o_ti_+,11
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@ This problem is equivalent to

3 1
maxXx S ulc +—ulc
{Cﬂ+s'C0f+s+l}_¢;ﬁ [ (&res) g °f+5+1)]
" Pri Cot+1
s.t me4yq1 = 1 +t: [Wt + my — Cyt] _ 1O+ ;
_ 14
where f = m < 1.

@ This is essentially the problem of representative agent. In the
representative agent model, the market economy is Pareto optimal.
(Remember that a social planner model can be attained by RCE.)
The overlapping generation model with altruism can also attain
Pareto optimal. Because parents care about children’s utility and
budget constraint is connected by bequests, any transfer from young
to old cannot improve old’s utility.
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Continuous Time Problem

@ We discusses how the discrete dynamic programming can be applied
for the optimal growth model.

@ However, this is not the only tool to analyze a dynamic optimization
problem. Depending on the model, it is easier to analyze continuous
time model.

@ In particular, it is easier to analyze a transition dynamics using
continuous time model.

@ We will discuss the continuous time model as a limit of the discrete
time model.
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Continuous Time Problem

@ In the previous model, time goes like t, t+ 1, t + 2.

@ In this section, | assume that time goes like t, t + A, t +2A.... Then |
describe the continuous time model by taking a limit of A: A — 0.

@ | assume that one period return between t and t + A is constant,
Ar (Xt, St). Therefore, the sum of the returns is

Ar (Xe, St) + BAr (Xeqa, Seva) + BPAr (Xesoa, Sevon) + ooy

where T is an initial period. We can define the time that an agent
can make the jth decision by t; = T + jA. Hence, j = 5T

@ Therefore, the above sum can be rewritten as

Ar (XT,ST) +ﬁt1T7TAr (thv Stl) +ﬁ¥Ar (XtZVStZ)
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Continuous Time Problem

T T+A T+ 2A T+3A T+4A 7+5A
L .

ty t t, ts ty ts
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Continuous Time Problem

@ Assume that

where ¢ is the discount rate.

@ Then the continuous version of the original model can be expressed as

Katsuya Takii (Institute)

(5

e 1
ik (w) A0S

G (Xt, St) - AGC (Xtv St) + Stv

St is given.
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Continuous Time Problem

@ Since .

e % = lim 1 Z,
A—0 [ 1+ Ao

@ the continuous version of the previous model is written as

U(s:) = mXax/ efg(th)r(Xt,St) dt
t T

S.t. St = GC (Xt, 51-)

St is given.

Katsuya Takii (Institute) Macroeconomic Theory 199 / 463



Continuous Time Problem

@ | would like to derive the continuous version of the Bellman equation

as the limit of the previous discrete model. Since g = 1+1Tp

1
74 (St) = mXaX {Ar (Xt,St) + 1 +AQ 74 (St+A)} ,

t

5t+A - St = AGC (Xt, St) .
@ We can modify the value function as follows.

_ Ar (Xe, St) + Aor (X, St)
AoV (S) = m)gx{ +[V (Stsa) v (St)] }
r(Xt, St) —|—AQf (Xtvsf)

oV (1) =mX3X{ V(sea)-vis) }
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Continuous Time Problem

@ When A goes 0, the continuous version of the Bellman equation is
derived as follows.

QV(St) = m)?X{r(Xt,St)—}— V/ (5t> St}
= mXax{r(Xt,St)—l— V, (St) GC (Xt,St)}
@ Bellman Equation:

oV (5) = m)gx {r(Xe, S¢)+ V' (S5:) G (X, St) }
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Continuous Time Problem

@ The first order condition of this Bellman equation is
0=r(x(S),S)+ V' (S5)Gf (x(St),St). (24)
@ Substitute the policy function into the Bellman equation,
oV (Se) = r(x(Se),Se) + V' (Se) G (x(S), Se) . (25)

Again, the first order condition (24) and the Bellman equation (25)
solves the value function V (-) and x (-). We can apply the Guess
and verified method to solve two equations.
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Continuous Time Problem

@ Example: Consider the following investment problem:

rpa/x/ [F (Koo Le) — wle — p(C (I, Ke) + 1) e P dt
t:le JO

s.it. Ke = I, —0K;, Ky is given

where F (K, L) and C (/, K) are constant returns to scale in each
factors.
@ The Bellman Equation of this problem can be written as

oV (K) = on{F(K, Ly—wL—p(C(I,K)+ 1)+ V' (K) (I —K)}
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Guess and Verify Method

e Guess V (K) = QK.

F(L£)—wg
i BT e L
= max{¢(/)—wl—p(c(g)+8g)+ Qg -3} K

where ¢ (I) = F(1,1), c(g) = C(g,1), | = & and g = &. If there
exists @ that satisfies

pQ=max{¢ (/) —wl—p(c(g) +&) + Qg 4}

Then our guess is verified. Since the value function is unique, the
linear must be the property of the value function.
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Guess and Verify Method

@ Note that

Q = p[l+c(g)]
g = ll] [Qtobin o 1] , Qtobin — 9
p
@ This is called the @ theory of investment. It says that the firm's
growth rate is determined by Qf?". Note that Q™" can be
estimated by

Qtobin — v (K)
pK
This is the market value of a firm relative to the replacement cost of

capital.
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Guess and Verify Method

o Assume that c(g) = 2 (g — B)* and ¢’ (g) = AB . Hence

(g;B) _ |:Qtobin_1]

g = B+A [Qtobin_l}
— B* + AQ™In 4 ¢

where B* 4+ & = B — A. Empirical researchers often estimate this
regression.
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Continuous Time Problem

o Assignment: Consider the following household problem:

Ct

[ee]
max/ Inc,e 9tdt,
0

s.t. a4 = pa:— C, ao Is given

where a; is asset, w; is wage and ¢; is consumption.

@ Define the Bellman equation.
@ Derive a Policy Function.
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Continuous Time Problem

@ The envelope theorem can be also applied to the Bellman equation.

oV'(St) = (X, St) + V" (St) G (Xi, St) + V' (St) Gs (Xt St) -

o Note that V"' (S;) G€ (Xt, St) = V" (S¢) &t = dV;(tS‘). Hence the
envelope theorem can be rewritten as

dV' (S¢)

o = oV (St) = [ (Xt S) + VI (St) G5 (Xe. St)] - (26)

e This equation describes the dynamics of the marginal value of state
variable V' (S;).
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Continuous Time Problem

e Optimal Control: Defining the costate variable, A, is equal to the
marginal value of state variables,

)Lt = V/ (St) ,

we can derive the result of alternative method to solve dynamic
optimization, optimal control.

@ Using A;, the first order condition (24) and the envelope theorem
(26) and the transition equation can be rewritten as

0 = n(x°(S,At),St) + ArGf (x° (St At), St), (27)
Ar = 0Ar— [ (X° (St At) . St) + AeGS (x° (Se, Av), Se)] L (28)
St = G°(x°(S:,At),St), Stis given. (29)

where x° (S, V' (5¢)) = x (S¢).
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Continuous Time Problem

@ The first order condition (27) determines a policy function
x° (8¢, At). Given the policy function x° (S, A¢), equations (28)
and (29) determine the path of the costate variable, A; and the state
variable, S;.

@ Note that since we have one boundary condition, S;, we need an
additional boundary condition to solve the equations (28) and (29).
For this purposes, we need the following transversality condition:

lim e V' (S;)S; = lim e %A;S; = 0. (30)
t—o0 t—o0
@ Similar to the discrete time problem, given usual technical

assumptions, concavity etc, it is shown that equations (27), (28),
(29) and (30) are sufficient conditions for the original problem.
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Continuous Time Problem

@ The above conditions are nicely summarized by defining Hamiltonian
H (Xt, St, )\t):

H (Xt, St, At) = r (Xt, St) + AtGC (Xt, St) .
@ Then above conditions are expressed as

0 = Hx (Xt St Ae)

/.\t = Q/\t — Hs (th St, )\t)

St = Hy(Xe, St A:r), Stis given.
0 = lime %AS,

t—o0

These are the useful conditions for analyzing the continuous version
of the dynamic optimization problem.

Katsuya Takii (Institute) Macroeconomic Theory 211 / 463



Continuous Time Problem

@ Hamiltonian can be nicely interpreted. When we choose a dynamic
optimization problem, we know that current decision affects not only
the current return, but also the future returns. The second term of
Hamiltonian summarizes the impact on the future returns.
Remember, A¢ = V' (S;). That is, the costate variable can be
interpreted as the marginal impact of the state variable on the present
value of the discounted future returns. Since S, = G (X;, S;), the
second term is interpreted as the impact of a change in 5; on the
future returns. Therefore, Hamiltonian summarizes the important
trade off of the dynamic optimization problem: the impact on the
current return and the future returns. The first order condition,

0 = Hyx, implies that the agent chooses the control variable X; so
that he maximizes Hamiltonian.
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Continuous Time Problem

@ Example: Consider the following investment problem:

[ee]
Talx/ [F (Ko, Le) — wle — p(C (I, Ke) + 1,)] e P dt
t:lt JO

s.t. Kt == It - 5Kt
@ Hamiltonian

H (Lt' I, K, qt)
= F(Kt,Lt)—WLt—p(C<It,Kt)+It)+qt [It—éKt]
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Continuous Time Problem

@ Derive the necessary conditions and transversality condition for this
problem.
= H <Lt: Iy, K¢, Qt) =F (Kt: Lt) - w
0 = H (L le.Kevqe) =g —p (14 G (I, Ky))

G = pqr— Hg (Ltv/tthrqt)
= pqtr— [FK (Ktth)_pCK (Itth)_(Sqt]
K, = Hq (Lt e, Kty qr) = e — 0K:, Ko is given.
0 = tIergo e Ptq:K;
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Continuous Time Problem

@ Marginal Productivity of Labor is equal to wage.
FL (Ktr Lt) = w

@ The value of an additional unit of installed capital, g, is the marginal
cost, which is equal to the price of investment good plus the marginal

adjustment cost.
g =1+ C (I, Ke)]p

e Note that if (; (/t, Kt) =0, g9t =p.
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Continuous Time Problem

@ The interpretation of q;: Define mx = Fx (K, L) — pCx (I, K) is the
marginal cash flow attributed to a unit of capital.

Gr = Pqr— Tkt +0q:
Pq: = Tk —0G: + §¢
Tk —0qr + G
p -
at

e The shadow price of capital, g, is the price at which a marginal unit of
installed capital could be bought or sold.
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Continuous Time Problem

e Note that if Cx (/,K) =0, mx = Fx (K,L). Then, we can define
the user cost (=rental price) r; = 7k ;. Hence,

PG = rt—0q:+ Gt
re — 04t + qe41 — Gt
(1+p)qe re+(1—=90)qes1

ry = nK,t:FK (K,L)

Q

Q

o This is the dynamics of g; which | have derived in Macroeconomic
Analysis.

Katsuya Takii (Institute) Macroeconomic Theory 217 / 463



Continuous Time Problem

@ Suppose that not only Cx (/, K) =0, but also G; (/, K) =0. Then
g: = p:. Hence

o = re —O0pt + Pt
Pt
. = 7Kt = FK (K, L)
e Furthermore, Suppose p; = 1 over time.
p = It — (S
e This is the arbitrage condition in Macroeconomic Analysis.

@ In order to obtain an alternative interpretation of g;, we need to know
how to solve a differential equation.
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Continuous Time Problem

Suppose that x; follows a differential equation:

dXt

E = a; + bext

@ Suppose that x; is given. Then the solution to this differential
equation is

T T ¢
xp = el bsds [XT —I—/ ae e bsdsdt}
°

bsds

;
@ Suppose that 0 = lim7_,0 xTE~ J; Then the solution to this

differential equation is

= ! bed
xT:—/ ate_fr ST dt
T
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Continuous Time Problem

@ Proof: Note that the differential equation can be rewritten as

t dx. t t
ace” J; bsds dittef J; bsds bixie™ J; bsds
d [xte_ I bsds]
N dt
T . Td [xte* f: bsds}
[Maefnenge = [T
T T dt

T

= XTef f-r bsds _ Xr
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Continuous Time Problem

o Proof:

e Suppose that x¢ is given.
- T "
XT = ele bsds |:XT +/ are” Iz bsdsdt}
T
bsds

T
e Suppose that 0 = lim7_,,, xT€™ J:

o0 t
Xr = —/ ape Jo bsds gy
T
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Continuous Time Problem

@ Alternative interpretation of g;: Applying the lemma in this context.

g — (p+9)q:

gt

qte_(P+5)t — (p + 5) qte_(p+5)t f—

lim qte_
t—oo

(p+o)t

dgre” (p+o)t
dt

[qte—(pﬂs)t} _
T

— qre_(p-"_J)T —

0q: — TTK,t +0q:

—TTK t
p+o)t

_NK,te_(
—NK’te_(er(s)t

(o)
_/ nKvtei(p+5)tdt
T

— /oo nK’te_(pJ'_(s)tdt
T
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Continuous Time Problem

@ Hence,
(o]
gre~ PHOT = / T e P+ 4 lim gre (PO
T —00

@ Note that TVC implies 0 = lim; o e P'q;K;. Suppose that there
exists B such that Ky < B < co. Then

0 = lims—eo e Pigr = lims oo gre P9t Hence
Clre*(PH")T = /oo nKvtef(PHS)tdt
TOO
g = / 7T pe (PHOEe(0+O)T gy
T

= /oo T[Kvtei(p+§)(t7’[)dt
T

e The shadow price of capital, g;, is equal to the present discounted
value of the stream of marginal cash flow attributed to a unit of capital
installed at time t.
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Continuous Time Problem

o Assignment: Consider the following household problem:

(e
max/ In cre ¢t dt,
0

Ct

s.t. & = par+w: — ¢, ap Is given

where a; is asset, w; is wage and ¢; is consumption.

@ Define Hamiltonian.
@ Derive the first order conditions.
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Continuous Time Problem

@ Assignment: Consider the following budget constraint
ar = p,ar+wr — Ty — ¢, ag Is given

where ¢; is consumption, a; is asset, w; is wage payment, T; is tax
payment and p, is interest rate. Suppose that the following condition
is satisfied ;

0= lim aTe*fo psds.

—0Q

This is called no Ponzi game condition, which means that debt
cannot increase faster than the interest rate. Derive the following
intertemporal budget constraint:

S t S t
/ e o P — po 4 a9 — / Toe Jopsds gy
0 0

t
where hg = fo°° wie~ Jo Ps95 gt is human wealth at date 0.
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Continuous Time Problem

o Assignment: Consider the following government budget constraint
b = g — +p,bt, b is given

where b; is government bond, T; is tax revenue, p, is interest rate
and g; is government expenditure. Suppose that the following
condition is satisfied

i
0= lim bre Jo rsds.
T—o

This is called no Ponzi game condition for government. Derive the
following intertemporal budget constraint:

bo —I-/ gre fOtpstdt = / Ti€ fotpsdsdt
0 0
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Continuous Time Problem

@ Assignment: Using results in the previous two assignments and the
following capital market clearing condition,

ar = ki + by, for any t

Derive the following equation
/ cre” fotpsdsdt = hy + ko — / gre” fotpsdsdt
0 0

Note that this budget constraint does not include neither debt, by,
and tax, T:. Therefore, the method of financing does not change the
budget constraint of the representative consumer. This is called
Ricardian Equivalence
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Continuous Time Growth Model

@ In this section | apply optimal control to the neoclassical growth
model and analyze the neoclassical growth model. Consider the
following problem.

max/ e N, U (ct) dt

a Jo

Kt = F(Kt, TtNI‘) _5Kt_Cthv
T, = gT,
Nt = nN,

where Ky, Tg and Ny are given.

Katsuya Takii (Institute) Macroeconomic Theory 228 / 463



Continuous Time Growth Model

@ Note that
Bk = 8x = 8k — (87 + &)
Hence

Q _ F(Kt,TtNt)—(SKt—CtNt o (7_1'+,Vt>
ket K T N)°

Pl ) ok me T (o,

t
_ [f (ket) _kéket - Cet] o (g + n) ,
et

ket = f (ket) — Cet — (g +n +5) ket:

where f (ki) = F (k¢ 1). From the second equation to the third, |
use the assumption on the production function, the constant return to
scale.
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Continuous Time Growth Model

o Assignment:
© Prove that if X; = gX¢, X = Xoegt

@ Suppose that U (cet Tt) = (C“Tf)iel, ® > 0. Show that the
original problem is equivalent to

[e9)
max/ e 0 (cer) dt,
0

Cet

ket = f (ket) — Cot — (g + n+0) ket, keo is given
- (cet) . . :
where @ (cet) = 75— if0 <60 # 1 and u(cet) =lnce if =1,

and ¢* =0—n—(1—0)g. We assume that ¢* > 0. [Hint: the
above statement implies Ny = Npet and T; = Tge8t. |
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Continuous Time Growth Model

@ Define Hamiltonian of this problem:

(Cet) (179)

H(Cetvkty/\t> = 1_9

+ A¢ [f (ket) — Cet — (& + n+0) ket
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Continuous Time Growth Model

@ The first order conditions are

A _ —0

t — GCgt

;\t = Q*At — At [fl (ket) - (g + ”+5)] 0= ,_JLfQQ Afkefe_pt
ket = f(ket) — Cet — (g—{—n—{—(S) Ket, keo Is giVe”
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Continuous Time Growth Model

@ Note that
gy = g0 = —bg
@ Hence
e )\
—0=t = DL gt~ [f (ket) — (g + 0+ 0)]
Cet At
lo—n—(1-0)g] — [ (ket) — (g + n+9)]
(Q+5+9g) — f/ (ket)
. 1
o= gl (k) — (@ +5+6g) (31)

e Equation (31) is the continuous version of Euler equation.
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Continuous Time Growth Model

@ The corresponding transversality condition is
0 = lim Ackeee "
t—oo

0 = tIin;O(cet)_ekete*[Q*”*(lf")g]t
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Continuous Time Growth Model

@ Together with the transition equation of k;, the following two
differential equations and two boundary conditions solve the optimal
growth path:

Ce 1

o = glf' (k) —(e+5+0g)], (32)

kee = f (ket) — Cet — (8 + n+0) ket, keo Is given. (33)
0 = lim (o) " kepe [0 1708l (34)

Katsuya Takii (Institute) Macroeconomic Theory 235 / 463



Phase Diagram

@ The Phase Diagram: One of the merits of working with a
continuous model is that we can use the phase diagram. Let me
describe what the phase diagram is. The first, let me define the
steady state.

Definition
On the steady state the path of (¢, k¥) satisfies
g=k=0

@ Therefore, the following equation must be satisfied on the steady sate:

¢ = 0:f'(kl)=0+0o+0g (35)
ki = 0:ci=f(kI)—(g+n+6)k: (36)
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Phase Diagram

@ ¢ = 0: Note that k; is uniquely determined by equation (35).

Q@ When ket = k5, ¢5 = 0.
@ When ket < ki, f' (ket) >0+ 6+60g. = Eet > 0.
@ When ket>k:, f/(ket)<Q+5+9g = Cet < 0.
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Phase Diagram

Phase@iagram[ZL

=0

et

ki
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Phase Diagram

e Equation (36) implies that

(k) = (gt n+0), T (k) <0
d(k*)

e

dc;
dk;

@ Hence, ¢} has the maximum value at

! (kf"’) —g+n+6. (37)

o Capital stock, keGR is called the golden rule level of the capital stock.
If you want to maximize c. when k} = 0, equation (37) must be
satisfied.

o ki=0:

Q@ When ¢ = f (ki) — (g +n+0) ki, ket =0
© When cet > f (ki) — (g +n+0) k&, ket <O0.
© When cot < f (ki) — (g +n+0) ki, ket > 0.
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Phase Diagram

Phaseiagram2

Cet
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Phase Diagram

o Compare
f1 (kX) = o+0+0g, and f' (keGR> —g+n+é.

o Note that
g+n+dé<o+o+6giff (o0—n)>(1-0)g.

e Because we have assumed p — n > (1—0) g, f' (ki) > f' (k&F),
ki < kSR

e Since the agent discount future, it is not optimal to reduce current
consumption to reach the golden rule level of the capital stock. The
steady state value of capital stock, k7, is called the modified golden
rule level of capital stock.

o Note that given the assumption of p —n > (1 —6) g,

0= lim (cf) % ke le—n—(1-0)lt

t—oo
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Phase Diagram

Phasefiagram®

e =0
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Phase Diagram

e The saddle point path: Note that given ke, there exists ¢ (keo)
which converges to the steady state. If cep = ¢ (keo), economy will
eventually reach the steady state. Since the steady state satisfies the
transversality condition (34), this path is optimal. This path is called
the saddle point path.
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Phase Diagram

Phase@iagram@}
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Phase Diagram

o If cop > ¢ (keo), it is known that it hits ke = 0 line in a finite time.
But when ket = 0, cet must jump to 0 from equation (33).
Otherwise, kot becomes negative. However, the Euler equation (32)
does not allow the jump. Hence this path violates the Euler equation
(32).

@ If cep < ¢ (keo), the phase diagram says that this path eventually
converges to the point ¢ = 0 and ket < co. We show that this path
violates the transversality condition (34).
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Phase Diagram

o Proof: Because for large t, ket > kSR, ' (ket) < f' (kEF). Hence

Cet

Cet

[/ (ket) — (0 + 6+ 6g)]
|7 (k) = (0 +9+09)]
[g+n+d—(0+I+0g)]

(1-6)g+n—g=-%

D= D= D= DI
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Phase Diagram

@ Proof: Hence, for large t

:b‘@*
~+

Cet < Cep€

This implies that

*

—0
—0 % _ o %
(Cet) kere™© E> (Ceoe 0 t) kere™® t= Ceoket > 0

Hence,
0 < lim (cet) P kere "
t—o0

It proves that this path violates the transversality condition.
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Phase Diagram

@ In sum, the unique globally stable optimal path is characterized by the
saddle point path. On this path, for any given kgg, the agent
optimally chooses ¢ (keg) with his expectation that economy will
converge to the steady state.

@ Although | only explain the basic idea about how to use Phase
Diagram in this lecture, you can apply this method to the varieties of
economic issues.
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Phase Diagram

o Assignment: Consider the following social planner’s problem given
government expenditure G:

max/ e U (c)dt
Ct 0

i(t = f(kt)—ﬁkt—ct—g,

where ¢; is consumption, g is constant government expenditure, k; is
capital stock, ¢ is the discount rate, J is the depreciation rate of
capital stock. Assume that the aggregate production function, f (),
satisfies usual assumptions: f'(-) >0, f”(-) <0, f(0) =0,
f'(0) = oo, f' (c0) = 0.
@ Draw and explain the Phase Diagram which summarizes the dynamics
of kt and ¢;

@ Discuss how government expenditure g influences the steady state
value of kt and c;.
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Stochastic Dynamic Optimization

@ So far, we don't have any uncertainty in the model.

@ Introducing uncertainty in our model greatly increases the
applicability of our method to several other issues such as a financial
market, business cycle and labor search.

@ In this section, we simply add uncertainty to the basic dynamic
programming.
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Stochastic Dynamic Optimization

@ We introduce random factors into the optimization problem.

{Xf}r

s.it. Sev1 = G (Xt, Se€e41), St is given,

U(S., 1) = maxET{Z,BtT Xt,St)}

where €;41 has a distribution function Q (&+1).
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Stochastic Dynamic Optimization

@ Note that

U(Sr.1) = max Ee { Y B (X, St)}

= maxE r(Xe, Se) +
hax Ee ﬁmax{xt} Eri1 Y30 - ,3 (t—(T+1)) r (X, St)

= n}ax{r(Xf,S )+ BELU (Sei1,T+1)}
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Stochastic Dynamic Optimization

@ The Bellman equation can be written as

V() = max {r (X654 B [ V(6 (XS e100)) @ ecn) |

where
[ V(6 (X Sueesn)) dQ (o)
= [ V(6 (X Stern) @ (eesa) decsa or
= iwc (X, St.€1)) Pr (ers1 = )
and _

Priees1 =€) = Q (&) — Q(&i-1)

@ We can analyze stochastic dynamic optimization problem using the
method similar to the deterministic case.
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Stochastic Dynamic Optimization

e Example: Consider the following Lucas (1978) model of asset prices:

© Consider an economy consisting of a large number of identical agents.

@ Each agent is born with one “tree”. Each period, each tree yields
fruits (=dividends) in the amount d; into its owner at the beginning of
period t.

© Let p(d;) is the price of a tree in period t, which is measured in units
of consumption goods per tree.
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Stochastic Dynamic Optimization

@ Household

max E; Z,B(t 7) (ct),

{eedie t=T1
st.ce+p(de)seyr = [p(dt) +de st
diy1 = G (dt, €t+1> €41 Q@ (€t+1)

where s; is the number of trees owned at the beginning of period, t.

o Capital market clearing condition: Because everything is identical,
nobody sells and buys in an equilibrium.

St:].
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Stochastic Dynamic Optimization

@ Bellman Equation

B U(Ct)+
V) = gyl gt |

[p(de)+di] st —ct
P(dt)
div1 = G(dreeqr), ee017Q (8041)

s.t. st11 =
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Stochastic Dynamic Optimization

@ First Order Conditions:

/Vl St+1, dt+1)

Ct ﬁ dQ (Et—i-l)

@ Envelope Theorem:

p (d) —I—d
(s, dt) 5/ t d Vi (St41, det1) dQ (€¢41)
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Stochastic Dynamic Optimization

o Euler Equation:

© Combining the first order condition and the envelope theorem
[p(de) + de] U (ct) = Vi (st dt)
@ Using envelope theorem, Euler equation can be derived as
[p dt) +di] U (ct)

— rB/ dt + dt [p(dey1) +der1] U (ce1) dQ (erv1)

Hence

Ct ’B/ dt+1()dj' dt+1] 74 (Ct+1) dQ (€t+1)
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Stochastic Dynamic Optimization

e TVC:

0 = lim B'E [V (s, d;) st|de]

t—o0

- tILngoﬁtET HP (di) +de] U (ct) St]

o The operator E; [-] is the conditional expectation given the information
available at date t. Hence, stochastic version of the transversality
condition demands an expectation conditioning on the information
available at date 7.
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Stochastic Dynamic Optimization

@ Equilibrium Condition implies
S = 1= Ct = dt
@ Euler equation and TVC are

U'(ds) = B / dtljl(jd"‘“]U’(dm)dQ(sm)

0 = th_@o'B E: [[p(d:) + de] U (d)]
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Stochastic Dynamic Optimization

Katsuya Takii (Institute)

@ Euler Equation can be rewritten as

pd) = [ Messlp(dio) + dosa] dQ (ecsn)

E: [Mt—i-l [P (dt+1) + dt+1”
= E[Miy1[p(des1) + degr] |de]

!
where My = B U,C”; = /BUU(/‘ZZ;) is the intertemporal marginal rate

of substitution also known as the stochastic discount factor or pricing
kernel. Because information needed to predict future sequences of
di4j is summarized by d;, the last equality must be satisfied.
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Stochastic Dynamic Optimization

@ Note that

<

[Me1 [p (des1) + de1]]

[Mey1dr1] + Er [Me1p (degr)]

(Mi1di1] + E: [Mir1Er 1 [Mey2 [p (dig2) + diya]]]
[Mey1dr1] + Er [MepaMeodeio] + E [Mepa Megop (deso)]
[

E

I
mnnm

Mey1dri1] + Er [Mes1Miiadeio]

t [Mex1Mey2Er o [Mey3 [p (diy3) + drys]]
[Mey1diq1] + Er [Mepa Mejodeyo]

+Et [Mey1 My oMy 3 [p (dii3) + dry3]

= Z Ei [TX_y My xdeyi] + lim £ [TL_y My [p (deti) + dii]]
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Stochastic Dynamic Optimization

o Note that
U, (Ct-l-l)’B ﬁ ,B
U (Ct) U’ (Ct+1) U (Ct+2)“ U (Ct+,'7]_)

U (e
= P e

Hi:l Miix = B

Hence

I|m E [Hileter [P (dt+i) + dt-H] |df]

= i[rT;oE ﬁ'Ullj,(((::)’) [p (devi) + deyi] [de
lim; oo ,BiE (U (ceqi) [p (drai) + degi] |de]
U (ct)

=0
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Stochastic Dynamic Optimization

@ The share price is an expected discounted stream of dividends with a
stochastic discount factor.

dt = Z E 1Mt+xdt+i|dt]

where ,
iU (dryi)

WMo =5 g)
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Stochastic Dynamic Optimization

@ Euler Equation can be also rewritten as
1= [ M (14p}) 9Q (ee) = E [M: (1+ )]

where p} = detpld)—p(di1) g the return from this asset.
t p(di-1)
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Stochastic Dynamic Optimization

Lemma

Cov (Xi, Vi) = E [X, Yi] — E [X¢] E[Y4]

Proof.

Cov (X:, Yt)
= E[(X:—E[X]) (Y: = E[Y4])]

E[X:Ys — E[X] Ve — X.E[Ve] + E[X:] E[V4]]
— E[X.Yi] - E[X]E[Y:] - E[X]E[Y:] + E [X] E[Y]
— E[X.Yi] - E[X]E[Y
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Stochastic Dynamic Optimization

@ Using lemma,

1= E[M: (1+p})] = E [M:] E [1 4 pt] + Cov(M:, 1+ p7)

@ Hence we can get

EL+p) = gy (L Cov(Me 1))
Elll = prgg i CovMal+p)l-1 ()
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Stochastic Dynamic Optimization

@ Risk free rate of return: If there is a risk free asset, the return on
this asset p must satisfy

COV(Mt, 1 +p) = O

Hence, equation (38) implies

LEP= E

@ Return on the Risky Asset: Substituting the risk free rate into
equation (38),

E[l+p] = (1+p)[1— Cov(M:, 1+ p7)]
Eloi] = p—(1+p) Cov(M:, 1+ p})
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Stochastic Dynamic Optimization

@ A stock return must be equal to risk free rate of return +Risk
premium. The risk premium is now decreasing function of covariance
between a return and M;.

o Why? Note that because M; = ﬁU’ o 1)

a 1=V () |= M |

So when covariance is low, we will expect a high return when M; is
low, that is, your consumption is high, and a low return when your
consumption is low. So you cannot smooth your consumption with
this asset much. This model is called Consumption Capital Asset
Pricing Model (Consumption CAPM).
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Stochastic Dynamic Optimization

o Assignment: Consider the following investment problem:

max EO Z H)t(zoMX [ZtF (Ktv Lt) — WLt — C (/tv Kt) — /t]

lebe 50
Kt - It + (1 - 5) Kt
Zir1 = Ze+erqt, €117 Q (€r41)

where F (K;, L¢) and C (I¢, K;) are constant returns to scale,
M, < B < 1 is the stochastic discount factor. (For this exercise, the
sequence of M, is taken as given. )

@ Define the Bellman Equation of this problem.

@ Show that the value function is linear in K;.
© Derive Euler Equation of this problem.
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Rational Expectation and GMM

o Euler equation often gives us E; (X¢4s (1,)) = Y4 <lpy> where
Xets () and Yy <lpy> are a (K x 1) column vector which depends

ny=(v.¥,)
("1

o Example, suppose that U (c) = ~~y——. Then, U'(c) =c
Hence, Euler equation of consumption CAPM can be summarized by

1= £ [Mess (1 o))

,9.

6
where My11 = U,Cf“ =B Cf“ = /3( ) . In this case,

Ct)
K=1

Cr+1

Xevs ($) = B (thj_l )9 (1 +P£+1)
£ ("’JY)

L ¥, =(B0)
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Rational Expectation and GMM

o Define ugys () = Vi (wy) — Xeys (1p,). Then

Et[ueys (W) = E [Yt (%) — Xits (be)]

Ve () = B [Xers ()]
= 0.

We can interpret usis (1) as a prediction error. Take any known
variable at date ¢, z;, where j =1,..,J. Then

E(zjures ($)) = E [zEe [uers (9)]] =0 V)

e This is called an orthogonality condition.
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Rational Expectation and GMM

@ Given the orthogonality condition, for large N

A}Lwalvm(w = E[zjue4s ()] =0, Vj

@ If the number of orthogonality conditions is equal to the number of 1,
GMM estimate 3™ by

o 2l (9)
N

e This is equivalent to a non-linear IV estimation: if there is 1
orthogonality condition and 1 parameter ¥, with

U£+s () = Yé - l/JxX{‘.+s'
Z,N zl ()4 - l/"iXZJrs)
0 - N

1PX - : N = ¢X = E ZlXtI s i Zlytl
1 1
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Rational Expectation and GMM

@ In general, the number of orthogonality conditions is not equal to the
number of parameters, .

@ If the number of orthogonality condition is smaller than the number of
parameters, we cannot identify the parameters.

@ If the number of orthogonality condition is greater than the number of
parameters, we have the overidentification of the parameters.

Z:V z{ ”£+s (l/))
N

o Define a (KJ x 1) vector, g (N : ¢p) = , . When the
ZIN zle(IéJrs(lp)

parameters are overidentified, GMM estimates * by
P+ = arg mvjng (N ) Wylg (N:y)

where WNI is a (KJ x KJ) optimal weighting matrix, which can be
estimated from data.
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Stochastic Growth Model

@ In this section, we introduce a stochastic shock into the neoclassical
growth model.
@ In addition to the shock, we allow that household can value leisure.

@ These framework plays the benchmark for studying business cycle.
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Stochastic Growth Model

@ The general problem is as follows:

max Ey Y B'N:U(ce,1—1)
t=0

{e 352, —

sit. Key1 = zeF(Ke, TeleNy) + (1 — 0)Ke — et Ny, Ko is given

Tivi = (1+g) Te Tois given
Nev1 = (14 n) N, No is given
Inzer1 = ({Inze+éry1, 20 is given, €417 Q (€t+1)
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Stochastic Growth Model

o Assignment: Assume that the utility exhibits CRRA:

[Cet TtV (]. — It)]lig —1

et Tt It) = 0>

V) (C tlt t) 1-0 0>0

Show that the original problem can be rewritten as
max Ey ) (B) @i (cet, 1 — 1)
Cetxlt} t=0
ZtF(ket,/t)+(1—(5) ket_cet . .

ok = .k
s et+1 (1+g) (L+n <0 IS given
Inz;y1 = (ClInze+erq1, 20 is given, €117 Q (€¢41)

—0
where i (cep, 1— 1) = e ie g < g £ 1,
E(Cet,l—/t):lnCet+|nV(1—/t) if =1 and

B =p(1+n)(1+g)""

Katsuya Takii (Institute) Macroeconomic Theory 277 / 463



Stochastic Growth Model

e Assuming that f* < 1, the following Bellman Equation can be
defined.

{Cet:/t

V (ket,z:) = max} {&(cet, 1—1)+p* / V (Ket+1, ze4+1) dQ (5t+1)}

st k _ ziF (ket, It) + (1 — 0) ket — Cet
oo (1+g) (1+n)
Inzer1 = {lnze+ ey,
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Stochastic Growth Model

@ First Order Conditions

_ :B* f Vi (% (Ket, z¢) , ze1) dQ (€¢41)

ﬂl(C (ket,Zt),l—/(ket,Zt)) (1+g) (]__|_n)

(¢ (ket,zt), 1 — 1 (ket,2t))
ﬁ* f Vi (K (kel’v Zt) th+1) dQ (€t+1) zeFp (ketv / (ketr Zt))
(1+g)(1+n)

ZfF(ket,/(ket,Zt))—"(l—é)ket—C(kef,Zt)
(1+g)(1+n) )

@ Hence, consumption and leisure relationship is influenced by

where « (ket, zt) =

EIz(Cet-, 1-— II‘)

= z:F5 (ket, |
El1<cety]-_ /t) Zt 2( et t)
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Stochastic Growth Model

Intratemporal Choice Between
Consumption and Leisure

Cet
| 1ol
Uy (Cer 1 —10)

2:F5 (Kews 1) N .
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Stochastic Growth Model

@ Envelope theorem

:B* f Vi (K (kety Zt) ,Zt+1) dQ@ (St-i-l)
[ZtFl (kety / (ketyzt>) +1-— (5]

Vi (et z¢) = (1+g)(1+n)

Katsuya Takii (Institute) Macroeconomic Theory 281 / 463



Stochastic Growth Model

o Euler Equation
@ Combining the first order condition and envelope theorem,
Vi (ket,zt) = U1(cet, 1 — It) [zeF1 (Ket, It) +1 — 6]
@ Using envelope theorem
U (cet, 1 — It) [2eF1 (Ket, It) +1 — 6]

B [ i (Cet+1.1 = les1) [ze41F1 (Ketg1, 1) + 1 — 6] dQ (e141)
[ZtFl (ket, /t> + 1 - 5]

(1+g)(1+n)

Hence,

[I]_(Cet, 1-— It)

_ ‘e B (Ze11F1 (Ket41, lev1) + 1 — 0]
= /ﬁ i1 (Cet+1. 1 — le41) (1+g)(1+n) dQ (er11)
Fi (kegsq, | 1-6
= /ﬁul(cetJrlvl_ltJrl)[ZtJrl 1 (Fet1 t+91)+ L (ee41)
(1+8g)
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Stochastic Growth Model

@ Euler Equation

[ll(Cet, 1-— Ii’)
[ze+1F1 (Ket+1, lev1) + 1 — 0]

= /.Bfll(CerH,l—/tH) (1+g) dQ (ee+1)
e TVC
0 = lim (B") Eo[Vi (Ket, 2t) ket]
= Jim (B)" Eo [d1(cer, 1= Ie) [2eF1 (Ket, ) +1— 0] ket]
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Stochastic Growth Model

e Summary Dynamics (cet, It, ket, 2¢)

o Intratemporal substitution between leisure and consumption

LNIQ(Cet, 1-— /t)
Zl]_(Cet, 1— /t)

o Euler Equation and TVC

=zF (ketv /t)

ﬂl(Cet, 1-— /t)

- zro1 F1 (K, Ny +1-6
/5“1(Cet+1,1— /t+1)[ s 1( e(t;j_gt;rgl) ]dQ (€t+1)

0 = lim (B%) Eo[in(cet le) [zeF1 (ket, 1 — ) 4+ 1 — 8] ket]

t—oo

where f* = B(1+n)(1 + )19,
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Stochastic Growth Model

e Summary Dynamics (cet, i, Ket, 2t )

o Capital accumulation and the dynamics of productivity shocks.

ziF (ket, I:) + (1 — 0) ket — ¢ .
ketp1 = = (et<1tlg)((1+21)et °t  keo is given

Inzep1 = {Inze+ €1, 20 is given, €417 Q (€r41)

Katsuya Takii (Institute) Macroeconomic Theory 285 / 463



Numerical Analysis

@ With their seminal analysis of business cycle, Kidland and Prescott
(1982) develops a new method of empirical work, calibration, in
macroeconomics. In order to understand its spirits, let Kidland and
Prescott (1996) speak how computational experiment can be
implemented, in particular with a stochastic growth model.

@ According to Kidland and Prescott (1996), an economic
computational experiment has four steps.

© Pose a Question

© Use a well-tested theory

© Construct a model economy
© Calibrate the model economy
© Run the experiment
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Numerical Analysis

@ Pose a question: “The purpose of a computational experiment is to
derive a quantitative answer to some well-posed question. Thus, the
first step in carrying out a computational experiment is to pose such a
question.” Kidland and Prescott (1996) Question may involve

@ Assessments of the theoretical implications of changes in policy.
@ the assessments of the ability of a model mimic features of the actual
economy.

@ In case of a basic real business cycle model, Kidland and Prescott
(1996) poses

o “Does a model designed to be consistent with long-term economic
growth produce the sort of fluctuation that we associate with the
business cycle?”

e “How much would the U.S. postwar economy have fluctuated if
technology shocks had been the only source of fluctuations?”
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Numerical Analysis

o Use a well-tested theory: “With a particular question in mind, a
researcher needs some strong theory to carry out a computational
experiment: that is, a researcher needs a theory that has been tested
through use and found to provide reliable answers to a class of
questions. Here, by theory we do not mean a set of assertions about
the actual economy. Rather, following Lucas (1980), economic
theory is defined to be “an explicit set of instructions for building... a
mechanical imitation system” to answer a question” Kidland and
Prescott (1996)

@ "The basic theory used in the modern study of business cycles is the
neoclassical growth model.” Kidland and Prescott (1996)
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Numerical Analysis

@ Construct a Model Economy: “With a particular theoretical
framework in mind, the third step in conducting a computational
experiment is to construct a model economy. Here, key issues are the
amount of detail and the feasibility of computing the equilibrium
process.” Kidland and Prescott (1996)

e “..an abstraction can be judged only relative to some given question.
To criticize or reject a model because it is an abstraction is foolish: all
models are necessarily abstractions. A model environment must be
selected based on the question being addressed.” Kidland and Prescott
(1996)

e "The selection and construction of a particular model economy should
not depend on th answer provided. In fact, searching within some
parametric class of economies for the one that best fits a set of
aggregate time series makes little sense, because it isn't likely to
answer an interesting question.” Kidland and Prescott (1996)
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Numerical Analysis

@ In case of a basic real business cycle model, they add a productivity
shock and the choice of leisure to the neoclassical growth model
because two-thirds of aggregate output are attributable to
fluctuations of labor.
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Numerical Analysis

o Calibrate the Model Economy: “Now that a model has been
constructed, the fourth step in carrying out a computational
experiment is to calibrate that model. Originally, in physical sciences,
calibration referred to the graduation of measuring instrument.”
Kidland and Prescott (1996)

o "“Generally, some economic questions have known answers, and the
model should give an approximately correct answer to them if we are to
have any confidence in the answer given to the question with unknown
answer. Thus, data are used to calibrate the model economy so that it
mimics the world as closely as possible along a limited, but clearly
specified, number of dimensions. Kidland and Prescott (1996)
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Numerical Analysis

o Calibrate the Model Economy: In case of a standard business cycle
model,

@ the parameters must meet the long run averages of certain statistics
such as the share of output paid to labor and the fraction of available
hours worked per household, both of which have been remarkably
stable over time.

@ In addition, empirical results obtained in micro studies conducted at
the individual or household level are often used as a means of pinning
down certain parameters.
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Numerical Analysis

o Calibrate the Model Economy: The difference between estimation
and calibration is also emphasized.

o “Note that calibration is not an attempt at assessing the size of
something: it is not estimation,” “It is important to emphasize that
the parameter values selected are not the ones that provide the best fit
in some statistical sense. In some cases, the presence of a particular
discrepancy between the data and the model economy is a test of the
theory being used.” Kidland and Prescott (1996)

o Prescott (1986) also claims that “The models constructed within this
theoretical framework are necessarily highly abstract. Consequently,
they are necessarily false, and statistical hypothesis testing will reject
them. This does not imply, however, that nothing can be learned from
such quantitative theoretical exercises.”
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Numerical Analysis

@ Run the Experiment: "“The fifth and final step in conducting a
computational experiment is to run the experiment.” Kidland and
Prescott (1996)

o "If the model economy has no aggregate uncertainty, then it is simply a
matter of comparing the equilibrium path of the model economy with
the path of the actual economy.”

o "“If the model economy has aggregate uncertainty, first a set of
statistics summarize relevant aspects of the behavior of the actual
economy is selected. Then the computational experiment is used to
generate many independent realizations of the equilibrium process for
the model economy. In this way, the sampling distribution of this set
of statistics can be determined to any degree of accuracy for the model
economy with the value of the set of statistics for the actual economy.”
Kidland and Prescott (1996)

@ A standard business cycle exercise typically compares the second
moment such as the variance and the covariance of variables.
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Numerical Analysis

@ Cooley and Prescott (1995) describes the process of calibration more
precisely. They identify three steps.

© The first step is to restrict a model to a parametric class.

@ to construct a set of measurements that are consistent with the
parametric class of models.

© The third step is to assign values to the parameters of our models.

@ Let us conduct these steps using our models.
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Numerical Analysis

@ Restricting the model: we need to restrict technology and
preference.

o We have already restricting a part of our model to meet the balanced

growth path: @ (cet,1— 1) = % if 0 £1,
U(cet, lt) =Incet +Inv(1—1) if § =1. Cooley and Prescott (1995)
assumes that 0 =1 and Inv (1 —/) =#lIn(1—1). Therefore,
u (Cet, 1-— /t) =In Cet + n In (1 — /t)

e Knowing that labor share and capital share is stable, it is common to
assume F (ke, /) k&/'=%  Because it is known that
N = Y = 1— &%, even if the economy is on the transition path, the
share must be stable.

o We assume that Q (e441) is normally distributed with the mean 0 and
the standard deviation of oe.
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Numerical Analysis

o Note that & (cet, 1 — ) =Incet +7In (1 — 1) and
Vet = ztF (ke, I) = z; k=% implies @y (cet, 1 — 1) = Ciet
by (Cot, 1= I) = 727, zeF1 (Ket, Ir) = azekly M~ = af and
ziF1 (ket, lt) = (1 — ) ze kS " = (1 — ) y,—if Therefore, our
economy is summarized by the following equations

@ Intratemporal substitution between leisure and consumption

[12(Cet, 1-— /i’)
[Il(Cet, 1-— /t)
77Cet _ - @
1=, - G-

= z:h (ket: /t)

where yer = z k& 1%

Katsuya Takii (Institute) Macroeconomic Theory



Numerical Analysis

o Euler Equation and TVC

f]l(Cet, 1-— lt)
[zt41F1 (Ket41, l41) +1 =]

= /,Bfll(cetﬂ. 1- /t+1) 9 dQ (8t+1)
(1+eg)
Yet+1
1 Dé? —+ 1-— 5
RN B R PR
Cet Cet+1 1+g
0 = lim (B*)' Eo [t (cets Ie) [2eF1 (Keto 1 — 1) 4+ 1 — 8] ket

 m B4 ) B [ 41— 6] ke

t—o00 Cet

where yer = z k% I117%.
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Numerical Analysis

o Capital accumulation and the dynamics of productivity shocks.

1—908) ket —
Ket41 = yet?_lg—g) ()1 :—fn> Cet. keo Is given

.. - 2
Inzey1 = {Inze+erq1, 2o is given, 11" N (0,07)

where yo: = ztkg‘t/}_“.
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Numerical Analysis

o Defining Consistent Measurements: Cooley and Prescott (1995)
was a quite careful about the measurement of capital stock, and
output. Because the model is abstract, there is no treatment of
government sector, household production, foreign sector and
inventory. Therefore, the model economy’s capital K includes capital
used in all these sectors plus the stock of inventory.  Similarly,
output includes the output productivity by all of this capital. They
did some imputation. | discuss how they impute the values.

@ Estimate the return on asset p, from private capital stock.

@ They estimate depreciation rate §; separately for consumer durables
and government sector.

© Using the estimated p and §;, they estimate the service flow for
consumer durables and government sector, r;K{ = (o, +6;) K{
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Numerical Analysis

@ They estimate the return on asset p, from private capital stock.
Note that p, = m,,;& where K, is private capital stock.
p

o KP is estimated by (1) the net stock of fixed reproducible private
capital (not including the stock of consumer durables) + (2) the stock
of inventories and (3) the stock of land where (1) is from Musgrave
(1992), (2) is from the NIPA and (3) is from the Flow of Funds
Accounts.

o rKP is estimated by unambiguous capital income + &, X ambiguous
capital income +6K where &, is estimated to satisfy

ap = the estimated rK, estha;ed Ko | 5K is estimated by GNP-NNP (consumption of
fixed capital), unambiguous capital income is the sum of rental income,
corporate profits and net interest, and ambiguous capital income is sum

of proprietors income + net national product - national income.
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Numerical Analysis

@ Next they estimate depreciation rate for government sector and
consumer durable J; by the following equation

Kipa Yerr _ K I

1—6;) <t + L
Yt +1 Yt- ( ) Yt Yt

where i is consumer durables or government sector and Y; is GNP.
For consumer durables, {lt’} is consumption of consumer durable as
reported in the NIPA. For government investment {It’} is also from
NIPA. The capital stock {Kt’} for consumer durable and government
investment are taken from Musgrave (1992).

o Finally, they estimate the service flows of capital from the following
equation.

r,'K,_f = (pt +5i) Kti
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Numerical Analysis

o Calibrating a Specific Model Economy: Remember that our
economy is summarized by 4 equations with suitable boundary

conditions
1 Cet
1—1/;

Cet
Ket+1

Inz; 41

where yer = z:k% /17" and 0 = lim;_« [B (1 + n)]* Eo

= (1—&)&
It

w1 -9
— ﬁ |: et+1 i|dQ(8t+1)
Cet+1 1+g
Vet + (1 _5) Ket — Ce
(1+g)(1+n)

= (lnz +¢€:, given zy e,41"N (0,0'5)

t .
., given ke

[a{—zgﬂ—&] Ket

Cet

Note that yer, Cer and ke are interpreted as the detrended GNP,
Consumption and Capital per capita.
© We need to calibrate a, B8, 6, 17, n, g, { and 0.
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Numerical Analysis

@ g = 0.0156...measured by the time series average of rate of growth of
real GNP per capita (On the balanced growth, gy = g)-

@ n = 0.012...average population growth.
@ « = 0.4...capital share is calibrated by the time series average of

_ rth _ erf‘i_rcKtc_{‘rgth
Y: GNP + reKE + rgKE
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Numerical Analysis

e { =0.95 and o, = 0.0007: Note that
|nZt =In Yt —aln Kt - (1 —0()|n/tTtNt
It means that

Inz;y1 —Inz
= (InYe1—InY:) —a(InKer1 — InKy)
—(I—a)(Inlex1Neyr —InleNg) — (1 —a) (In Tegp — In Ty)
(InYer1 —InYe) —a (In Key1 — Ke)
—(I—a)(InltiNey1 —InleNy) — (1 —a) g
So given & and g we can generate a series of Inz;.1 — Inz; and
therefore In z; given Inzy. (Cooley and Prescott (1995) actually

report that they measure it under the assumption of g = 0, though.)
These sequences are used to calibrate ¢ and o of

Q

In Ziy] = €|n Zy + €41, 8t+1NN (0,0’3)

Katsuya Takii (Institute) Macroeconomic Theory 305 / 463



Numerical Analysis

@ In order to calibrate the remaining parameters 8, J, and 7. We use
more theory and stylized facts on the balanced growth.

@ 6 = 0.012: On the steady state, capital accumulation equation

implies
oo Yet(-d)ki—c
e (1+g)(1+n)
(1+g)(1+n ki = 1=k +i
(1=0)k; = (1+g)(1+n)ki—1i;
1-6 = (1+g)<1+n)—%
/
6§ = —+1—(1+g)(1+n)

K

Given the measured values of g and n, Cooley and Prescott (1995)
calibrate § using this equation.
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Numerical Analysis

@ 3 =0.987: If there is no uncertainty, Euler equation becomes

1 B ,3 {a{:i—i + 1-— (5}
Cet Cet+1 1+g

On the steady state,

1 0&{—{—#1—(5
B l+g
Y
IXW‘I‘].—&
1+g

Given the measured value of §, Cooley and Prescott (1995) calibrate
B using this equation.

Katsuya Takii (Institute) Macroeconomic Theory 307 / 463



Numerical Analysis

@ 77 = 1.78: Intratemporal substitution between consumption and
leisure implies

1 Cet Vet
— 1 _ st
1—1, (1=a) 7
Vet 1 — It

= (1—a)2
Ul (I-a) )
ﬁl —

G I

= (1-u)

Given the knowledge of &, Cooley and Prescott (1995) calibrate
using this equation. For [, they use micro evidence from time
allocation studies by Ghez and Becker (1975) and Juster and Stafford
(1991) that shows one third of their discretionary time is allocated to
market activities.
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Numerical Analysis

@ Final task is to run experiment. For this purpose, we need to
compute an equilibrium. Note that our economy is summarized by 4
equations with suitable boundary conditions

N Cet Yet
= (1—a)Z
1—1, (1=a) 7
1 ,B [06{:%1 +1-— 5} dQ ( )
i €
Cet Cet+1 1+g o
Yet+(]-_5) Ket — Cet .
k k
et+1 (I+g)(1tn) given ke
Inz;11 = (lnzy+ €1, given zg €r41" N (O, (73)

Cet

Yot +1—6] ket
where yer = z:k% /17 and 0 = lim;_« [B (1 + n)]" Eo [[“k“]k]
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Numerical Analysis

@ If the set of possible states of nature were small, one could find a
numerical value function and policy function. The advantages of this
method would be

@ It would preserve the curvature of the model.
@ It would allow study of the model in an equilibrium that is far from the
steady sate.

o If the set of possible states of nature were large, we need to rely on a
approximation of the model.
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Numerical Analysis

@ One way to approximate model is to conduct the approximation of
the derived dynamics around the steady state. This method has four
step processes.

© To find the steady states without stochastic shocks.
@ To construct a approximation of the model around steady sate.

© To derive the solution of the approximation of the model.
© Analyze the solution.

@ You can write your program to conduct this process using Matlab.
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@ Dynare can greatly help writing this program.
@ What is Dynare?

e "“Dynare is a powerful and highly customizable engine, with an intuitive
front-end interface, to solve, simulate and estimate DSGE models.”
(Dynare User Guide)

e “..., it is a pre-processor, and a collection of Matlab routines that has
the great advantages of reading DSGE model equations written almost
as in an academic paper.” (Dynare User Guide)

e “Basically, the model and its related attributes, like a shock structure
for instance, is written equation by equation in an editor of your choice.
The resulting file will be called the .mod file. This file is the called
from Matlab. This initiates for the Matlab routines used to either

solve or estimate the model. " (Dynare User Guide)
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@ Installing Dynare
QO Goto
e http://www.dynare.org/download

@ Download Dynare 4.5.3 to your holder at the network center.
© It is also useful to download the user guide from

@ http://www.dynare.org/documentation-and-support/user-guide
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@ The Procedure:

@ You write a filename.mod file, which contains the essential information
on your model. Then, using this information, Dynare constructs a
filename.m file that Matlab can then run.

@ Save your filename.mod file somewhere that Matlab can find it.
© In Matlab,

@ Set a path to Dynare folder including sub-folder.
@ Change the directory to the folder that contains filename.mod.
@ Type

dynare filename
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e Basic Instructions for the program by Dynare.

@ Each instruction must be terminated by a semicolon, ;.
@ You can comment out any line by starting the line with two forward
slashes, //, or comment out an entire section by starting with /* and

ending with */.

Macroeconomic Theory
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@ The program contains the following 4 blocks.

Preamble: lists variables and parameters.

Declaration of the model: spells out the model.

Set initial conditions: Specify initial conditions and gives indication
to find the steady state of a model.

Specifying Shocks: defines the shocks to the system.

Computation: instructs Dynare to undertake specific operations (e.g.
. . . . . dXt+j
forecasting, estimating impulse response functions, e where

Xt1j = Cettjr Yet+jr ketﬂ-, /t+j and In Ziyj, and providing various
descriptive statistics.)

00 000
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@ Preamble consists of the some setup information: the endogenous
and exogenous variables, the parameters and assign values to these
parameters.

@ var specifies the lists of endogenous variables, to be separated by
commas. In our example, endogenous variables are detrended
consumption per capita ce, detrended capital per capita ke, detrended
GNP per capita (ye), hours of work (/), and the technology (z).

@ varexo specifies the list of exogenous variables that will be shocked.
In our example, an exogenous variable is a stochastic term, «.

© parameters specifies the list of parameters of the model and assigns
values:
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varc, k, I, y, Inz;

varexo epsilon;

parameters beta, alpha, eta, delta, g, n, zeta;

beta=0.987; alpha=0.4; eta=1.78; delta=0.012; g=0.0156; n=0.012;
zeta=0.95;
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o Declaration of the model: Now it is time to specify the model
itself. You must write

model;
describing your model;
end;
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@ There are several rules for describing your model.

o

There need to be as many equation as you declared endogenous
variables.

Time subscripts: "x" means x¢, "x(-n)" means x;_, and "x(+n)"
means X¢4p.

In dynare, the timing of each variable reflects when that variable is
decided. Because state variables are in general determined at past, a
transition equation should be written as St = G (X;—1, St—1, €t), but
not S¢11 = G (Xt, St,€¢41). On the other hand, the variable shown as
x (+1) tells Dynare to count that variable as a forward-looking variable.
These distinctions are important to insure saddle point stability.

You can ignore the expectation terms when you write a program.
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@ Remember that our economy is summarized by the following 5

equations.
1 Cet Yet
= (1—a)Z
1— 1, (1=a) 7
1 B ,B [am‘i‘l—(ﬂdQ(s )
Cet Cet+1 1+ g o
Vet + (1 —0) ket — Cet .
k = ., given k
et+1 (1 +g) (1 + n) g el
Inziy1 = CInzy+éepp1, given zg €r41" N (0, (75)
Yet = ztk?t/tl*“

Yet _
and 0 = lim; o [B (1 + n)]" Eo [W] _

Cet
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model;

(eta*c)/(1-1)=(1-alpha)*(y/I);
1/c=(beta/c(+1))*((alpha*(y(+1)/k)+1-delta) /(14g));
k=(y+(1-delta)*K(-1)-c) /((1-+g)*(1-+n));
Inz=zeta*Inz(-1)+epsilon;

y=exp(Inz)*(k(-1) ~alpha)*(I~(1-alpha));

end;
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@ Set initial conditions: Next, you must tell Dynare initial conditions.

initval;
Listing the initial conditions
end;

@ Dynare can help finding your model’s steady sate by calling the
appropriate Matlab functions. But it is usually only successful if the
initial values you entered are closed to the true steady state. Hence
it is good idea that you can solve your steady state and find the
steady state values by yourself.
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e Assignment: Compute the steady state value of (¢, Ye, ke, /) when
p=0.987, « =04, 7 =178, 6 =0.012, g = 0.0156, n = 0.012,
and ¢ = 0.95 using Matlab. You have two ways of doing so. Choose
one of them.

@ Derive an analytical solution of (ce,ye, ke, I) on the steady state when
(Tf = 0. Then compute (ce, Ye, ke, I) using Matlab or Excel.

@ Use the command ‘fsolve’ and ‘function’ in Matlab to find the steady
state value of (ce, Ye, ke, /) when o2 = 0.
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@ In addition, if you start your analysis from your steady state, you can
add

steady;

@ Then Dynare recognizes that your initial conditions are just
approximations and you wish to start your analysis from your steady
sate.
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initval;

k=15.84207; c=0.992578; |1=0.35531; y=1.622889; Inz=0;
epsilon=0;

end;

steady;
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@ Adding Shocks: We then specify the innovations and their matrix of
variance—covariance. This is done by writing:

shocks;

var [the name of stochastic term] =[number];
end;

@ In our program,

shocks;
var epsilon=0.0007"2;
end;
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o Computation: Finally, you tell Dynare that you are done by typing

stoch_simul;

@ This commands instructs Dynare to compute a Taylor approximation
of the decision and transition function for the model, impulse
response functions, djgj where X;1j = Cetyj, Yet+j, Ket+j, lr+j and
In z;1j, and various descriptive statistics (moments, variance

decomposition, correlation and autocorrelation coefficients.)

@ There are several options which you can learn later. For example, by
default, Dynare drops the first 100 values, but you can change that
using the appropriate option.
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Policy and Transition Functions

Constant 0.992562 15.8421 0.355315 1.622905

(correction) -1.5E-05 0.00003 0.000006 0.000016

k(-1) 0.036802 0.953569 -0.00442 0.028868 0
Inz{-1) 0.353825 1.747009 0.221722 2.149378 0.95
epsilon 0.372447 1.838957 0.233391 2.262503 1
k(-1),k(-1) -0.0004 -0.00039 0.000114 -0.0008 (o]
Inz(-1),k(-1) 0.007611 0.04193 0.001794 0.050706 (o]
Inz(-1),Inz{-1) 0.122127 1.040961 -0.01523 1.192013 (8]
epsilon,epsilon 0.13532 1.15342 -0.01687 1.32079 (8}
k(-1),epsilon 0.008011 0.044137 0.001888 0.053374 8}
Inz(-1),epsilon 0.257108 2.191497 -0.03206 2.509501 o
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Theoretical Moments

Cc 0.9932 0.029 0.0008
k 15.8609 0.616 0.3795
I 0.3553 0.0039 0]
\% 1.6243 0.0641 0.0041

Inz (0] 0.0224 0.0005
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Matrix of Correlations

c 1 0.9865 0.4094 0.9176 0.8168
k 0.9865 1 0.2542 0.8399 0.7111
| 0.4094 0.2542 1 0.7384 0.8608
Y 0.9176 0.8399 0.7384 1 0.9789

Inz 0.8168 0.7111 0.8608 0.9789 1
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Coefficient of Autocorrelation

C 0.9955 0.9891 0.981 0.9714 0.9605
k 0.9988 0.9954 0.9899 0.9827 0.9739
I 0.9097 0.8258 0.7479 0.6756 0.6085
Y 0.969 0.9386 0.909 0.88 0.8517

Inz 0.95 0.9025 0.8574 0.8145 0.7738
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ynare

@ Assignment: Reproduce what | did by using Dynare.
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o Linear Approximation: Let me briefly illustrate how dynare conducts
linearization. We just discuss the first order approximation, though
Dynare can conduct the second order approximation. The spirits of
derivation for the second order approximation is the same as the first
order one.

@ Note that DSGE model is in general summarized by the collection of
the first order equilibrium conditions that take the general form:

Ee [f (Xeq1, xe, Xe—1, ur)] = 0

where x; is the vector of endogenous variables and u; is the vector of
stochastic shocks.
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Dynare

o In our example, x; = [Cet, Ket, let, Yet, In 2] and u; = €, and

[ -

t
1 B[R]
Cet Cet+1 1+g
f(Xet1, Xe, Xe—1, Ut) = k., _ Yert(1=0)ket 1—cet
et (1+g)(1+n)
In Zy — €|n Zr 1 — &t

| yer —exp (Inze) ke,
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Dynare

Lemma

Suppose that T' (x) is n X 1 vector and x is m x 1 vector. Then

I'(x) =T (x*)+ VI (x") (x —x7)

where
Tl (x*) Tl (x*)
dx1 - 0Xm
VT (x*) = . .
oI (x*) oI (x*)
dx1 - Xm

and I (x*) and x; are the ith element of T (x*) and the jth element of x
respectively.
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@ Applying the corollary,
f(XtJrl,Xt,Xt—l, Ut)
= f (X*'X*’X*' O) + [M+' MO! M*! MU] I:)?t“rlv)’\(tl),\(fi [If]T
= f(X*,X*,X*,O)+M+)A(t+1+M0)’\<t+M7)’\(t+Muflt

where X = x — x*, My, My, M_ and M, are the Matrix with the
ol(y)

element of 3y where y is x¢11, X¢, X¢—1 and uy evaluated at the
steady state. Note that on the steady sate
f(x*,x*,x*,0)=0
and by definition
Ei [f (Xe1, X6, Xe—1,u)] =0

@ Hence, after the first order approximation, the dynamics of DSGE
model around the steady state is summarized by

0 - Et [M+)A(t+]_ + Mo)?t + Mf)A(tf]_ + Muflt]
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@ Solution to the linearized dynamics: Because the dynamics of
DSGE model is linear around steady state, we seek to obtain the
following solution.

X = PxXe—1+ Py
and the dynamics is stable.

@ Note that this solution implies

Xtv1 = Pk + Puliry
= Py [PxXt—1+ Pybie] + Pyiiryq
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0 - Et [M+),\(t+1 —I— MO)A(t + M—)?t—l + Mu i:lt]

M+ [Px [Px)’\(tfl + Puat] + Puat+1]
+M0 [PX)A(t—l + Puat] + M—)?t—l + Muat

= [MyPZ+ MoPy+ M_] %1
+{[M+Px + MO] Pu + Mu} at"‘ M+PuEt [Ut—i-l]
= [M+P§ + MoPy + M_] %1 + {[My P + Mo] Py + My} 0

- E

for any X;—1 and ;.
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@ Hence, P, and P, must be chosen to satisfy

M, P? + MyPy + M_
[M+Px+MO]Pu+Mu

@ Dynare computes P, and P, to satisfy this relationship and to insure
the stability of dynamics.
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Debate on How to ldentify Parameters and the Source of

Shocks

e Woodford (2009): “While macroeconomics is often thought of as a
deeply divided field, with less of a shared core and correspondingly
less cumulative progress than other areas of economics, in fact, there
are fewer fundamental disagreements among macroeconomists now
than in past decades.”

@ ‘it is now widely agreed that macroeconomic analysis should employ
models with coherent intertemporal general-equilibrium foundations.”

@ ‘it is also widely agreed that it is desirable to base quantitative policy
analysis on econometrically validated structural models.”

@ "“A variety of empirical methods are used, both for data
characterization and for estimation of structural relations, and
researchers differ in their taste for specific methods, often depending on
their willingness to employ methods that involve more specific a priori
assumptions. But the existence of such debates should not conceal the
broad agreement on more basic issues of method. Both
“calibrationists” and the practitioners of Bayesian estimation of DSGE
models agree on the importance of doing ‘quantitative theory.”
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Debate on How to ldentify Parameters and the Source of

Shocks

@ Chari, Kehoe, and McGrattan (2009): “ Macroeconomists have
largely converged on method, model design, reduced-form shocks, and
principles of policy advice. Our main disagreements today are about
implementing the methodology.”

@ “The tradition favored by many neoclassicals (including us) is to keep a
macro model simple, keep the number of its parameters small and well
motivated by micro facts, and put up with the reality that no model
can, or should, fit most aspects of the data. Recognize, instead, that a
small macro model consistent with the micro data can still be useful in
clarifying how to think about policy. "

© "The competing tradition is favored by many New Keynesians. ...this
tradition emphasizes the need for macro models to fit macro data well.
The urge to improve the macro fit leads researchers in this tradition to
add many shocks and other features to their models and, then, to use
the same old aggregate data to estimate the associated new
parameters. This tradition does not include the discipline of

microeconomic evidence. "
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Debate on How to ldentify Parameters and the Source of

Shocks

e Woodford (2009): “While the study of business fluctuations is no
longer driven by the kind of disagreements about the foundations of
macroeconomic analysis that characterized the decades following
World War Il, important differences in methodological orientation
remain among macroeconomists. Probably the most obvious
divisions concern the importance attached, by different researchers, to
work aspiring to “pure science” relative to work intended to address
applied problems.”

e “Some protest that the current generation of empirical DSGE models,
mentioned above as illustrations of the new synthesis in methodology,
have not been validated with sufficiently rigorous methods to be used
in policy analysis (e.g., Chari, Kehoe, and Ellen R. McGrattan, 2008).
Proponents of this view do not typically assert that some other
available model would be more reliable for that purpose. Instead, they
argue that scholars with intellectual integrity have no business
commenting on policy issues.”
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Discrete Choice and Labor Search

@ So far, we presume that the first order conditions are valid. This
assumption may not be suitable when the choice set is discrete.

@ There are several discrete decisions in our life: to marry with
somebody, to accept a job, to move a different region and so on.

@ In particular, unemployment is likely to be influenced by the behavior
of job search.

@ We discuss how discrete choice model can be analyzed in a framework
of a job search model.
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Discrete Choice and Labor Search

@ Original Problem:

max E; i B (I (st =€) we + I (st = u) b

{dt}io:o t=T
s.t. Stg41 = G [sty Ot, dt] '
wiyr = Qs 0, dp, Wy, €]

where w; is wage b is the unemployment benefits or/and the value of
leisure, I (s; = x) = 1if sy = x, I (sy = x) = 0 otherwise, and
Q s: € {e, u}, e and v indicate employment and unemployment,
respectively.

@ o: € {m, n}, mand n indicate meeting and not meeting with a job,
respectively

@ d: € {a r}, aand r indicate accepting and rejecting an offer,
respectively.
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Discrete Choice and Labor Search

@ We assume the following probability distribution

Pr(etlor =m) = Qe (&),

Pr (81’ = O|Ot = n) = ]_,
Pr(e = x|or =n) = 0, for any x >0
Pr(or=m|ss =€) = 0, Pr(o;=n|ss =€) =1,

Pr(ot=m|ss=u) = A, Pr(ot=n|ss=u)=1—-A
@ We also assume the following properties of the transition functions:

e = Gleorde],u=G[und]|=G[umr],e=Glum,al,
w = Qe o de,w, &), 0=Qlun de,w, &) =Qu,mr,w, e,

& = O [U, m,a, w, Et]
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Discrete Choice and Labor Search

@ Bellman Equation

Vieew) = w+ BV (Gle n di], Qe n, de, w,ee])
= w+ BV (e w)

V (u, w)

V(G [u,ma],Qfu,m awe]),
"f’“ax{ V(G lu,m,r],Qfu,m rwe]) }dQ(S)]
+(1—=A)V(Glu,n, d],Qlu,n, de, w,g])

— b+p

— bt B [A/max{V(e,s),V(u,O)}dQ(£)+(1—/\) V(u,O)]

for any w > 0. Hence, V (u,0) = V (u, w).
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Discrete Choice and Labor Search

@ Define
U=V (u,0), W(w)=V(ew)

o We can rewrite Bellman equation by
W (w) = w+ BW (w)
and
U = b+5[/\/max{W(s),U}dQ(e)Jr(l—A)U}
— b4 B [/\/max{W(e)— U,O}dQ(e)+U]
1-BU = b+/5A/max{W(e)—U,O}dQ(€)
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Discrete Choice and Labor Search

o Note that W (w) can be solved as

W(W):ﬁ

@ Hence
W' (w) >0
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Discrete Choice and Labor Search

e Reservation wage: Strictly increasing function of W () means that
there exists a unique reservation wage wg that has a property

W(WR) = U
Wi(w) > U, Yw > wg
Ww) < U Vw < wpg

@ Optimal Decision: an optimal decision is

d = a w>wg

= r, w<wg

351 / 463
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Discrete Choice and Labor Search

e Value Function: Define W* (w) = max[W (w), U]. Then

W*(w) = max[W (w), W (wgr)]
= 1 ivﬁ if w> wg
WR

= if w< wg

1-p
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Discrete Choice and Labor Search

Value Function

Wr(w)

g

-
|
]

Wg

1-p
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Discrete Choice and Labor Search

o Reservation wage:

(1—B)W (wg) = b—i—,B/\/max{W(e)— W (wg), 0} dQ (e)

WR

wp = b+/3A/max{1_/3 l_ﬁ,O}dQ(e)
wg = b—i—l_ﬁ/max{s—wR,O}dQ(e)

— b+1’B_Aﬁ . [e — wg] dQ (¢) > b

where % fWR [e — wgr] dQ (¢) is the option value to wait.
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Discrete Choice and Labor Search

Suppose that Q (w) = 1. If w > b, there exist a unique wg that satisfies

WR=b+%AR[S—WR]dQ(8)
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Discrete Choice and Labor Search

@ Proof: Define

(WR b) T(WR b) = WR — |:b_|_ 1‘3_)\‘3 " [g — WR] dQ (E):|

Note that T function has a property:

Ti(wg:b) = 1ﬁ_/\'8{—(WR—WR) Q/(WR)—/WR dQ(s)}
B[
T(0:b) = [b+1_ﬁ/£d0 ]<o, T(W:b)=#—b>0

Because T (wg : b) is continuous in wg, there exist a unique wg that
satisfies T (wg : b) = 0.
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Discrete Choice and Labor Search

point

26.pC/f
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Discrete Choice and Labor Search

° %: Note that
T (WR : b) <0

Because T (wg : b) = 0 for any pair of wg and b,

0 = Ti(wg:b)dwr+ To(wg:b)db
dWR T2 (WR : b)
e _12VWR-9)
db To(wg:b)

@ That is, increases in unemployment benefits raise workers' reservation
wages.
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Discrete Choice and Labor Search

o Hazard Rate: the probability of an employed worker accepting a job
at date t is called the hazard rate.

H=Pr(ss=e|ss =u,Vs<t)=A[1—Q (wg)]

@ Using hazard rate, the probability of being unemployed for exactly t
periods can be expressed as follows (we assume Pr (sp = u) = 1).
Pr({st =e}N{ss = u,Vs < t})
= Pr(ss=e|ss =u,Vs <t)Pr(ss =u,Vs <t)
= Pr(ss=e|ss =u,Vs <t)
Pr(st—1 =ulss =u, Vs <t—1)Pr(ss =u,Vs < t—1)
(
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Discrete Choice and Labor Search

@ Therefore, the expected duration of unemployment is

E[t] = it(l—H)HH

The expected duration of unemployment is the inverse of hazard rate:

E[t]:%
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Discrete Choice and Labor Search

@ Proof: Note that for all H

1= (1-H)'H
Hence

o _ 9T (-H)TH
- dH
= Y- -Yt-1)a-H*H
— (1—H)i(1—H)t_1—i(t—l)(l—H)t_lH
= i(l—H)t_l—it(l—H)t_lH

t=1 t=1
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Discrete Choice and Labor Search

o Proof:
YtA-H)TH = Y a-H)t
t=1 t=1
L (A-H)TH
N H
_ 1
- H

Katsuya Takii (Institute) Macroeconomic Theory 362 / 463



Discrete Choice and Labor Search

dE|[t]

db
1

dw dE[i’}
Because “5& >0, —~ > 0.

@ Because an increase in unemployment benefits raise the reservation
value of workers, workers are more likely to reject offers. Therefore,
the expected duration of unemployment is longer.
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Stochastic continuous DP and Labor Search

@ In general, it is not easy to analyze stochastic process under
continuous time model.

@ However, if we assume a particular process such as a Poisson process
or Brownian motion, we can derive a handy solution.

@ Researchers often analyze a continuous search model under the
assumption that the arrivals of a job offer follow a Poisson process.

@ Using the similar model, we discuss how we can analyze continuous
model.
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Stochastic continuous DP and Labor Search

o Consider a possibility of multiple offers

Yoo A(n) [ max{W (w,), U} dQ (wy : n) ]

U= bip] LT A (MU

— b+p

ilA(n)/max{W(wn) —U,0}dQ (wy:n)+ U

(1—/3)u:b+/siA(n)/max{W(wn)—U,O}da(wn:n)

where w, = max{e1, €, ..€p }.
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Stochastic continuous DP and Labor Search

@ Assume that g = 1+AQ and replace w, b and A (n) by Aw, Ab and
A (n,A). We can rewrite the discrete problem as follows.

1
1+ Ao

W (w) =Aw+

1
(1_ 1+AQ) v

1+1AQ ,iA(n'A)/maX{W(wn)_U,O}dQ(wn:n)

W (w)

= Ab+
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Stochastic continuous DP and Labor Search

o W(w)
1
W(w) = AW+1+AQW(W)
(1+A0)W(w) = (14+A0)Aw+ W (w)
AW (w) = Aw+ Aow
oW (w) = w+H Aow
Hence w
W(W)ZE
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Stochastic continuous DP and Labor Search

o U
1
(1_1+AQ>U

Y1 A(n A) [ max{W (wn) — U,0} dQ (w, : n)
1+ Ao

= Ab+

AoU = (1+Ag)Ab
+ iA(n,A)/max{W(wn) —U,0}dQ (wh : n)
n=1
= Ab+ A%gb

+§)\(n,A)/max{W(wn)—U,O}dQ(wn:”)

oU = b+AQb+iA(Z’A)/max{W(wn)—U,O}dQ(wn:n)
n=1
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Stochastic continuous DP and Labor Search

e Assume that A (n, A) is given by a Poisson density function with
parameter AA:

AN e A
Anay = A e
n!
Note that
A(n,A) ATATLeAA
lim = |im
A—0 A A—0 n!
= Aifn=1
= 0ifn>2

@ This limiting case is called a Poisson process.
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Stochastic continuous DP and Labor Search

@ Hence, the continuous version of Bellman equation is
oU = b+A/max{W(w1)— U,0} dQ (wy : 1)

— b—i—}\/max{W(s)—U,O}dQ(e)
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Stochastic continuous DP and Labor Search

o Assignment:

© Suppose that W* (w) = max{W (w), U}. Draw the picture of the
value function W* (w).

Katsuya Takii (Institute) Macroeconomic Theory 371 / 463



Stochastic continuous DP and Labor Search

@ Because W (w) = T

€
U=b+A ——U,0,dQ
0 /max{g } (¢)

@ Hence, there exist a reservation wage wg
WR
— =U.
Q

and it must satisfy

€ WR

wg = b—l—)\/max{Q—Q,O}dQ(s)
= b—l—g/max{s—WR,O}dQ(s)

_ b+2 (¢ — wg) dQ () > b

WR
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Stochastic continuous DP and Labor Search

@ Assignment:

@ Show that If w > b where Q (W) = 1, there exist a unique wg that
satisfies

WR:b+2 [e — wgr] dQ (¢)

WR

@ Show that dWR > 0.
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Stochastic continuous DP and Labor Search

o Hazard Rate: Similar to the discrete time model, hazard rate can be
obtained as follows.

H=Pr(ss=e|ss =u,Vs<t)=A[1—-Q (wgr)]

@ Let us assume that F (t) is the probability to accept before at date ¢.
Then the hazard rate can be written as

Pr({ss =e}N{ss =u,Vs < t})
Pr(ss =u,Vs <t)
F'(t)

Pr(ss=e|ss=uVs<t) =

It means that

Fi(t) = HI-F(1)]
F'(t)+HF(t) = H
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Stochastic continuous DP and Labor Search

@ Solve the differential Equation:

H = F'(t)+ HF (1)
He"' = F'(t)e" 4 HF (1) e

_ dF (t)e'
B dt
T T
Ht _ Ht
/0 Hetde = [F ()€™
T
] = F(T)e"—F (o)
T —1 = F(T)eM"
F(T) = e M7 [T —1] =17
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Stochastic continuous DP and Labor Search

@ Hence, a probability that a worker stay unemployment pool exactly t
period is

Pr({st =e}N{s; = u,Vs < t}) = F'(t) = He "'t
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Stochastic continuous DP and Labor Search

Lemma

Proof.
Note that for any H

1 = / He Mtdt
0

dHe™ "t —Ht —H
= — t
0 /0 dt /0 [e tHe ] dt

o0 " 0o " eth €9 1
tHe~ dt:/ e Hgr — | — _Zz
/0 0 [ H ]0 H
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Equilibrium Unemployment

So far, we demonstrate an individual search decision problem.

@ In this section, we extend our analysis to the labor market equilibrium
model and derive equilibrium unemployment.

@ For this purpose, we must ask a question: Are the wage distribution
supported in the equilibrium. When all workers are homogeneous and
engage in undirected search without on the job search, the answer is
‘NO'.

@ This is what the Diamond Paradox says. We first briefly discuss
the Diamond paradox.
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Equilibrium Unemployment

When all workers are homogeneous and engage in undirected search, all
firms offer a reservation wage wg.

Proof.

Suppose that a firm offers w < wg, nobody accepts. Hence, the firm
does not offer w < wg. Suppose that a firm offers w > wg. Because all
workers accept any wage above wg, the firm can offer w' € [wg, w) and
increases its profits. [

v
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Equilibrium Unemployment

The Diamond Paradox: When all workers are homogeneous and engage
in undirected search, the unique equilibrium is w = wg = b.

Proof.

Suppose that all firms offers wg > b. Note that the reservation wage,
Wg, must satisfy

wi = b+ [ (e—wt)dQ ()

Q Jwg
_ py MR wR)
WE _ Qb-l-)\WRSQWR-i-AWR:WR

o+ A o+ A

where wi, = wg only if wg = b. Because if wg > b, it is not optimal for

all firms to offer wg, wp = b is the only possible solution. ]
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Equilibrium Unemployment

@ The Diamond paradox implies there are no benefits from search. In
order to derive an equilibrium unemployment, we must provide a
mechanism that overcomes the Diamond paradox.

@ In this lecture, we discuss two different mechanisms.

© Firms cannot commit a posted wage and search is random. It is
assumed that workers can renegotiate when firms and workers meet
each other. Because of the possibility of negotiation, it is possible to
have w > b on the equilibrium.

@ Firms can commit posted wage, but workers can directly search firms
with preferred wage. In this case, lowering w reduces the number of
workers to apply the firm, which give the firm an incentive to raise w.

@ These models are current benchmark unemployment models that can
be integrated into the stochastic growth model we have studied.
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Equilibrium Unemployment

@ Search and Labor Wedge: Recently Chari, Kehoe and McGattan
(2007) argue that the efficiency and labor wedges together account
for essentially all of fluctuations. Because efficiency wedges is just
like a productivity, z;, labor wedges captures the main deviation of
data from the stochastic growth model.

e What is the labor wedge? Note that our social planner problem

suggests that the marginal substitution between leisure and
consumption must be equal to the marginal productivity of labor.

flz(Cet, 1-— /t)

= ztFp (ket, |,
Zl]_(Cet,]._/t) Zt 2( et f)

Hence any deviation of the marginal productivity of labor from the
marginal substitution of leisure and consumption is considered to be
labor wedge.

@ Because a search model explicitly considers labor market friction, it
can naturally derive this deviation.
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Equilibrium Unemployment

e Matching Function: One of standard assumption is the existence of
the matching function:

mN = m (uN, vN)

where N is the number of labor force, u is unemployment rate, v is
the vacancy rate, m is the meeting rate, which shows the degree of
job match per unit of time. We assume that m (uN, vN) is constant
returns to scale.
@ Given this assumption, the Poisson arrival rate of the vacant jobs

finding a worker is defined as

m (ulN, vN) (u 1

———~=m 7,1>:m 1] =p(0

ey ” v p(0)

where 6 = * is the measure of labor market tightness. The poisson
arrival rate of an unemployed workers finding a job is

m (uN,vN) — m(uN,vN) vN

ulN - viN ulN
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Equilibrium Unemployment

We assume that

/ " dp (6) 6 d’p (0)6

p'(6) < 0,p"(8) >0, 40 > 0, 720 <0
.y ey . dp(8)6 . dp(0)0
Jimp(0) = —eo, fim p(6) =0, fim = = co, fim g — =0
Am}p(@) = oo,eler;op (0) = O,Al’%p(G) =0, GImep (0)0 = o0

Katsuya Takii (Institute) Macroeconomic Theory 384 / 463



Equilibrium Unemployment

The Property of Matching Function

P(8) P{9)6
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Equilibrium Unemployment

o Dynamics of unemployment:
[lt = S[]. — Ut] —p(9)9ut

where s is the separation rate, under which a worker and a job are
separated.

o Natural Rate of Unemployment:

s[l—u] = p(0)6u
(p(0)0+s)u = s
N O R

Hence, the dynamics of unemployment rate and the natural rate of
unemployment is entirely influenced by labor market tightness, 8. We
need to develop a model that can determine 6.
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Equilibrium Unemployment

o Assignment: Assume that 6 is constant over time. Solve the
differential equation

i =s[1—u]—p(0)0u;

and shows that the unemployment rate eventually converges to the
natural rate of unemployment u”.
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Equilibrium Unemployment

@ Bellman equations for workers

oW = w+s[U—-W]
oU = b+p(8)0[W—U]

where W and U are value functions when the worker is employed or
unemployed, respectively.

@ Difference from the individual decisions:

© The job offer rate of the previous model was A and constant. But, it
now depends on labor market tightness 6.

@ The wage, w, is a unique wage determined in an equilibrium. Hence,
everybody accepts the wage when the worker meets the job.

© There is a possibility of separation, and the probability of separation is
assumed to follow poisson process with a parameter s.
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Equilibrium Unemployment

@ Bellman equations for firms,

oJ = mp—w+s[V—J

QV = _lps+p(9)[J_V_lpe]
where J and V are the value functions when the job is occupied and
vacant, respectively. The parameters, mp; = max {f (k) — rk}, ¢,

., denote the marginal productivity of labor, training costs (= cost
for education at a firm) and search cost, respectively.
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Equilibrium Unemployment

@ Two remarks

© The firms' discount rate is the same as workers’ discount rate, ¢ and
the interest rate r = ¢ — ¢ is constant. The is because workers are risk
neutral. To see this, consider the following problem:

mcztax /Ooo cre dt, s.t. a; = p;at + we (1 — ug) + bur — ct, ag is given
Define Hamiltonian
H=ct + At [p,ar + we (1 — ug) + bup — ¢t
Therefore
1=MAy, Av=0Ae —p At = Ay =0=p, = 0.
@ A job must incur search costs 1, before it finds workers, but it pays

training cost 1, after it finds workers. This difference turns out to be
important.
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Equilibrium Unemployment

o Free Entry Condition:

V=0
@ J: Free entry condition implies that J must be solved by a following
equation:
oJ = mp —w-—sJ
J = mp; — w
0+s

e This condition implies that the firm's values are discounted sum of the
differences between marginal productivity of labor and wage payment.

e It is shown that this differences can be sustained when there is a
specific investment. So even if household optimally chooses optimal
leisure give the market wage, w, the marginal productivity of labor can
deviate from the marginal rate of substitution between consumption
and leisure: the existence of labor wedge.
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Equilibrium Unemployment

@ 0: Free entry condition also implies that

p<9)[‘1_¢e]
= J_lpe

<
[
I

o Note that the expected duration of searching workers is ﬁe). Hence,

pll(Jé) is the expected cost of search. The expected cost of search must
be equal to the expected profits, J — 1, under 0 profit conditions,

which determines the tightness of labor market, 6.
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Equilibrium Unemployment

o Equilibrium given wage, w: Given wage w,

e Firm’'s value function J and labor market tightness 6 are determined by

J = mp; —w
0+s
¥s
= J—v,.
p(0) Ve
o Workers value functions, W and U are determined by
oW = w+s[U—-W].
oU = b+p(0)6[W-U].

e unemployment rate is determined by

u=s[l—ul—p(0)0u.
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Equilibrium Unemployment

@ Define Surplus S = J+ W — U. Note that from ¢oJ = mp; —w — sJ
and oW =w+s[U— W],

o(J+W)=mp —s(J+W-U)
Hence
oS = o(J+W)—qU

mp;—s(J+W—U)—oU
mp; — sS — oU

"”PI—QU:/‘” _ U] e-letsle
ot ; [mp; —oU] e dt

This means that the surplus S is the discounted sum of the difference
between the marginal benefits and the reservation value of
unemployed workers.
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Equilibrium Unemployment

@ We can also express the surplus S as a function of 8: S =5 ().

5(9)

R(6)

Katsuya Takii (Institute)

mp; — oU
o0+s
mp;—b—p(0)0[W — U]
0+s

mp—b—p(0)0[J+ W —-U]—p(0)6J
0+s

mpi— b p(6)6S (6) +p(6)0 [ fs + v,
0+s

R(6) /°° -
N S A — R (0 [o+s+p(6)6]t 4t
o+s+p(0)0 Jo ©)e

mpy — b+ 0y, + p (0) 0,
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Equilibrium Unemployment

@ Hence S () is the discounted sum of the instantaneous surplus,
where the instantaneous surplus, R (), is mp; — b+ 60y _+ p(6) 09,

o Note that 0y, = ,\lI;S, is aggregate search costs per unemployed
workers and p (0) 0y, = uNe is aggregate training cost per
unemployed workers. Because increases in search costs and training
costs raise the amount of initial investment, they reduce the number of
jobs' entries and increase the amount of rent obtained after the
investment.
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Equilibrium Unemployment

o Assignment: Derive W and U as a function of w and 6.

o Assignment: Solve
w* = argmaxw, st.0O<W-—-U,
w 0 + s

and shows that w* = b. (Diamond paradox).

Katsuya Takii (Institute) Macroeconomic Theory 397 / 463



Wage Without Commitment

e Wage bargaining (Pissarides 1985): One way to avoid the
Diamond paradox is to allow workers to make a counter offer.
Because a firm sunk a search cost or/and a training cost before
making production, changing partner is costly. Therefore, there are
some rents for them to share.

W+J>2U+V=U

If a firm is unable to commit a particular wage, there is a room to
bargain over. Pissarides (1985) assumes that wage can be
determined by a bargaining.
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Wage Without Commitment

o Generalized Nash Bargaining: It is standard to use generalized
Nash bargaining to solve this problem. Let me briefly describe what
Nash bargaining is.

@ Bargaining: Consider two players 1 and 2. They are negotiating
something, say wage, w € W. Define the set of all utility pairs:

U= { €R2 (W):<U1(W),U2(W)),W€W},

where u; is the ith player's utility. Define reservation utility
d = (d1, d2) € D is utility pairs which an agent can get when they
could not reach an agreement. Bargaining is defined by a function
f:UxD— W.

@ Generalized Nash bargaining outcome is the solution of the
following problem

w'(u,d) = argmax (w1 (w) — )7 (ux (w) — o)1)
stoup(w) > di, w(w)>dr, y€(0,1).
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Wage Without Commitment

1
Nash Bargaining when y = >

U, d,

(ug(w*)-d;)(uy(w™*)-d,)

d
/ .
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Wage Without Commitment

@ The solution of generalized Nash bargaining, w* is a unique solution
which satisfies following 3 axioms.

@ Invariance to equivalent utility representations: If
ul (w) = auj (w) + B and d/ = ad; + p where i =1 or 2, and &« > 0,
then u} (w* (U, d")) = auj (w* (u,d)) + B. (This means that even if
we change the unit of measurement, the result does not change. )

@ Independence of irrelevant outcome: Suppose that U C U’ and
u(w* (u',d)) € U where v € U'. Then
u(w* (v, d)) =u(w*(u,d)). (This means that even if we added
irrelevant alternative choices in the choice set, the result does not
change.)

© Pareto efficiency: If u(w), u(w’) € U and u(w') > u(w), then

u(w*) # u(w).

@ Rubinstein (1982) shows that alternating offers bargaining model has
the same solution as that of the generalized Nash bargaining.
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Wage Without Commitment

@ Note that when ¢y — 1 then problem is equivalent to
w* (u,d) = argmax(u; (w)—dp).
s.t. (W) > dp.

This is the case that a player 1 is a principal and player 2 is an agent,
and that a principal makes a take-or-leave-it offer to the agent.

@ On the other hand, v — 0, then
w* (u,d) = argmax(up (w) —da).
s.t. i (W) > d;.

Now, a player 2 is a principal and a player 1 is an agent. A principal
makes a take-or-leave-it offer.

@ Hence, we will sometimes call 7y the bargaining power of a player 1.
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Wage Without Commitment

@ Let me apply generalized Nash bargaining to our problem:

max (W; — U)7 JI.177

st VV, _ W,'—f-SU, = mp; — w;
o+s 0+s
where i refers to ith pair.
e FOC:
YW —U)" T () (W= U)T g
0+s N 0+s

I-7mW-=U) = +J

@ The parameter <y shows that labor share's of the total surplus that
occupied job created:

W—-U = y[J+W-U]=4S
J = A=-7)U+W-U=01-7)S$
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Wage Without Commitment

@ w: Substituting the Definition of S and W, we obtain the following

equation.
W-U = 9§
w +sU U = mp; — oU
0+s N 0+s

w—oU = v [mp —oU]
w = q[mp —oU]+oU

o It shows that the wage is the reservation flow utility, oU, plus the part
of a flow surplus of this match,  [mp;, — oU]:
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Wage Without Commitment

@ oU: Note that

oU = b+p(0)0[W —UJ
= b+p(0)6yS

Moreover, free entry condition shows the relationship between labor
market tightness and the value of a firm:

'8
¥, o) T Ye
+p =J=(1-9)S=>s5=29 "¢
p(e) ll)e ( ’)/) 1_,)/

e This relationship indicates that there is a relationship between the
reservation flow utility of a worker, oU, and labor market tightness, 6:
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Wage Without Commitment

@ Because of a search friction, there is the rent to share in this
economy.

© If more jobs enter in the market, the reservation utility would be large
because they can easily find new jobs and enjoy rent, W — U, in future
(Positive trading externality).

@ If an initial investment, % + 1., is large, it reduces the number of
jobs’ entries and increases the amount of rent obtained after the
investment. Note that the average search costplfg) is influenced by
labor market tightness 8. Beucause a larger labour market tightness
lowers a job's probability to find unemployed workers, p (6), it increases
the average search period, ( T and, therefore, the average search cost

plfg). Hence, a rise in 0 increases the amount of future rent and,

therefore, oU.
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Wage Without Commitment

@ This means

p(6) 6y {% + lPe}

oU = b+ T~
AT IOLA
1—o
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Wage Without Commitment

@ The opportunity cost pU, is influenced not only by unemployment
benefit b but also by aggregate search costs per unemployed workers,
O, = ;

m
( )elpe = ul\llpe'

o Because increases in search costs and training costs raise the amount
of initial investment, they reduce the number of jobs' entries and
increase the amount of rent obtained after the investment. Because
unemployed workers expect that they can enjoy a part of this rent when
they find their jobs, their reservation utility would be larger. In this
way, search costs and training costs increase workers' reservation utility.
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Wage Without Commitment

e w: Substituting oU into the wage equation, we obtain

w = y[mp —oU]+oU
ymp;+ (1 —7)eU
710y, +p(0) 09,
1—v
= YR(8)+b, R(6) = mp —b+6y_+p(6)8y,

= ampi+(1—7)|b+

e wage, w, is influenced by marginal product of labor, mp,,
unemployment benefit b plus aggregate search costs per unemployed
workers, 01, aggregate training cost per unemployed workers,
p(6)0y,.

o Note that mp; — b+ 0y, + p () 6y, corresponds to the instantaneous
surplus from employing one worker.
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Wage Without Commitment

@ 0: Using the derived wage, we can determine 6, and therefore, wu.
Note that the free entry condition provides an information on the
relationship between 6 and w.

v _
(9) lIJe

o

1 Y fmp—w
(0) %[@Jrs lpe]

o This equation shows that the high w must be consistent with the low

average duration to find workers, pig and therefore, the low labor

market tightness, 8. When the wage, w, is high, the expected profit,
J, is low. Therefore, a few vacancy, v, is posted. Hence, the labor
market tightness, 6, would be low.

o
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Wage Without Commitment

@ Hence, the following two equations solves w and 6.

w = qR(0)+b
= Q(6,b), Q1 (6,b) >0, (6,b) >0
1 1 [mp/—w

L e —l/)e]:>9:JC(W),JCI(W)<O

p(0) ¥,

Assume the steady state. Then we know the natural rate of
unemployment is determined by 6:

u”:mz\[(é’), Y' (6) <0
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Wage Without Commitment

Natural Rate of Unemployment

WO = JC(w) w=0(0,b)

W
-0
u
N
e T u=Y(e)
0 0
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Wage Without Commitment

° %: an increase in b pushes up an equilibrium wage, w, and therefore,
reduces the expected profits and the number of vacancy. Hence,
labor market tightness becomes lower 8. Because the unemployment
rate is stock variable, it does not change immediately. However, the
lower labor market tightness implies that it is more difficult find a job.

Following the dynamics of the unemployment rate,
l:lt = 5[1 - Ut] —p(9)9ut

the unemployment rate gradually goes up and reaches a new higher
natural rate of unemployment.
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Wage Without Commitment

b—>b’(>b)

w = Q(0,b"

© = Jeem " w =0,
Py
— o
u
u™’ | \f
T — u=Y(@®
o
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Wage Without Commitment

@ Assignment: Using the similar graph, discuss the economic logic of
the following effects.

@ Discuss the temporal and long run impacts of the productivity shock
mpy on the wage and the unemployment rate.

@ Discuss the temporal and long run impacts of search costs, ¥ and
training costs, ¥, on the wage and the unemployment rate.
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Wage Without Commitment

o Optimal unemployment rate: If a part of unemployment is
inevitable in a frictional economy, what is the optimal unemployment
rate? Can market economy attain optimal unemployment rate?

@ Because we have unemployed workers and employed workers in an
economy, there are potentially many Pareto optimal allocations.

@ We focus on those that maximize the sum of agent’s utility, or
equivalently, that maximize the present discounted value of output
net of the disutility of work and search and training cost.
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Wage Without Commitment

@ Social Planner Problem: Let us define a social planner model as

follows.
rrbax/o {mprec + [b— (.0: +,p (6:) 6)] ur} e %dt
s.it. iy = ser—p(0:)0cue, up is given
& = p(0:)0cur —ser, &g =1— g is given
where

@ mp,e; is the aggregate output per capita at date t.

@ bu: is the aggregate unemployment benefits (or the benefits from
leisure) per capita at date t.

Q@ (.0t + ¢.p(6:)0¢) ur is the sum of aggregate search cost and
training cost per capita at date t.
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Wage Without Commitment

@ Bellman equation

mper + [b— (Y0 + P p (0:) 0:)] ur
oV (e, up) = max + V., (e, ur) [ser — p (0¢) Oruy]
+Ve (e, ut) [p(0¢) Orur — se;]

Lemma

V(et,ut) = (50+ Uo) €t+UOUt = Soet‘l‘Uo
o _ mpi— oU°
0+s
o P(et) 91-50 :|
U’ = b
‘ g [ — (.0 +.p (0:) 0:)
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Wage Without Commitment

o Proof: Guess V (e, ur) = (S°+ U°) et + Uuy

{ mpier + [b— (Y0 + Y.p (6:) 0:)] ur }
max +U° [ser — p (0:) 0 u]
+(5° 4+ U°) [p(6+) Orur — se;]
[mps+ s (U° — (5° + U?))] et
max{ [ b+ p(6:)0:[(S°+ U°) — U°] ] s }
— (¥,0: + ¢.p(6:)6:) '
[mp; — s5°] e+

) {” meo [ - <¢sgf(it Zﬁeo 6:) } } “t
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Wage Without Commitment

@ Proof: Hence,

o o o o mp; — QUO
0(5°+U°) mp; — s. oS
o P(Gt) 6:5°
U = b+
¢ meax - (lPSGt +P.p (6¢)0:)
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Wage Without Commitment

Theorem

The socially optimal labor market tightness 6° must satisfy the following
equation

dp (6°)6° . -
T[S _ll)e] - ll)s

R (6°)
0+s+p(6°)6°

where

R(6°) = mpi—b+p,0°+,p(6°)6°
dp (00) 90 B p/ (90) 00 o
deo - |:1+ p(go) :| p(e )
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Wage Without Commitment

o Proof:
max {p (0¢) 0:5% — (Y0: + P.p (6:) 0:)}
e FOC
@ e 590 = v,
1+ ECE sy s v = v,

This equation means that 0 is constant.
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Wage Without Commitment

@ Proof: Previous lemma says that S° must satisfy,

mp; — oU°
0+s

50 =

p<90) gese
i {H { — (,6° + .p (6°) 6°) ]}
0+s
mp; — b+ lpseo + lpep (90) 0°
ots+p(0°)6°
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Wage Without Commitment

o Labor Market Tightness in the Search Equilibrium: Let us
analytically derive the labor market tightness at the market economy.
Remember that the market equilibrium must satisfy two equations.

w = YR(6)+b,
1 1 {mp—w

q;[ 0+s _lpe]
mp; — b+ 6+ p(0) 0y,

D T
_
>
~— —
I
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Wage Without Commitment

Labor Market Tightness in the search equilibrium, 0, must satisfy the
following equation.

p(O)[(1=7)S(6) =] =1,
R (6%)

p+s+p(6%)6"

R(6") = mp —b+6"p,+p(67) 07,

S (6%)
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Wage Without Commitment

@ Proof: Note that

p(l) -5 [mP/—W_lPe]

tpi 0+s
lps mp; —w
+ = = -
ORRE Q+s

o = (o) [
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Wage Without Commitment

@ Proof: Hence 6 must satisfy the following equation.

Ps

mp; — (0 +5s) [p(@) +¢e} =YR(0)+b

It means that

(1-7)R(6)

RO~ {moi— b (e+9) | o] |
mp; — b+ 0, +p (0) 0y,

oot

%) [Plf;) i 1’[]6} Flots) [plﬁg) i lpe]
@)+ 0+5) | Lo v
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Wage Without Commitment

@ Proof: Hence

(1 —'y)p(ﬂ) p(@)

Katsuya Takii (Institute)

=77 (9)R 7

0+o+s

R(6)

(1—7)W—¢e

RO
O+o+s

Macroeconomic Theory
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p(6)
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Wage Without Commitment

o Comparison

e Social Optimal:

p'(6°)6° o\ [co _
[1+p(90)]P(9 )IS? =] =9

o _ _ R
0+s+p(6°)6°

o Market Economy:

p(E)[(1=7)S(07) —vel = ¥,
R (6")

SO = e

where R (8) = mp; — b+ 6.+ p(0) 0y,
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Wage Without Commitment

Theorem

Suppose that {, = 0. Then the market economy attains social optimal if

and only if the bargaining power of workers 7y, equals to the elasticity of
matching function with respect to u.

_ _p/(9)9 _ my (u,v)u
50— )

This is called Hosios Condition.
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Wage Without Commitment

@ Proof: Suppose ¢, = 0. In this case

e 0° is chosen to satisfy

{1+ ”’;fgsﬁfo} p(0°)S° =1,

e 0% is chosen to satisfy
(1=7)p(67)S(67) =y,

o Note that 5° = 5 (0°). Hence, the market economy attains social
optimal if
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Wage Without Commitment

@ Proof: Note that

Hence

This is the elasticity of matching function with respect to w.
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Wage Without Commitment

@ There is several reasons that a market economy is inefficient.

o Positive Trading Externality: Posting vacancy makes it easy for
unemployed workers to find new jobs. Because individual firms do not
take into account this effect, the number of employed workers and,
therefore, output is too small.

o Hold-up problem (we can discuss later): Why do unemployed
workers receive benefits when they can more easily find new jobs?
When a firm find a workers, a worker obtains a part of rent from
match. This is why unemployed workers are better off from high
probability of finding a job. However, this means that a firm cannot
obtain all the benefits from investment and, therefore, a firm hesitates
to makes enough investment. Therefore, output is too small. This is
called hold-up problem.

o Negative Trading externality:Posting vacancy makes it difficult for
other firms to find new workers (negative externality). Because
individual firms do not take into account this effect, too many firms
enter and society must incur too many search costs.
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Wage Without Commitment

@ Because of positive or negative externality in the search model, labor
market tightness in the market can be too large or too small.
Therefore, the unemployment rate in the market equilibrium is also
too many or too few. Hosios condition nicely balances these effects.
Note that

by = [1 SLACAIL u} p(6°) 50 = MLV 4oy o

m(u,v) m(u,v)
* * J * *
Yo = (L=7)p(07)S(07) = 2p(67)5(67)
This means that Hosios condition is rewritten by

izl_'y:l_mu(u,v)u_mv(u,v)v

m(u,v)  m(uv)

This means that the private contribution of posting vacancy to a
match is equal to social contribution to the mach.
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Wage Without Commitment

Suppose that _ = 0. Then socially optimal unemployment rate is 0,
though a market economy maintains a positive unemployment rate. That
is, the entry is too few under a market economy.
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Wage Without Commitment

@ Proof: Suppose that . = 0. Social optimal labor market tightness
must satisfy

dp (6°) 6°

0 = — 5o [57—¢.]
A (6°)6° [mp/—b+p(9°)9°¢e _¢]
B de° o+s+p(0°)0 e

dp (6°)6° mpi —b— (o +5) ¢,
de° o+s+p(0°)6°

As we implicitly assume mp; > b+ 1, (0 + s) (otherwise nobody
search), % =0or/and p(0°)6° = co. Thatis, 6 = co. Hence,
the socially optimal unemployment rate is

i =s[1—u] — eli_)moop (6¢)0rup = —o0

Hence, u; = 0.
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Wage Without Commitment

@ Proof: On the other hand, under a market economy, a labor market
tightness, 6% must satisfy

0 = p(O)[A-=7)S(07) —¢,]

_ . mp;— b+ p(0°) 0%y,

= PO |- PRy

o (A (e b) (ot st p(8)8) v,
ol prstpE)E |

Because there exist 6% < oo that satisfy

(L=7) (mp1 = b) = (o +s+71p(6")07) ¢,

the unemployment eventually converges to the natural rate of
unemployment:
s

p(6%)0" +s

Macroeconomic Theory

ug = > 0.
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Wage Without Commitment

@ Because there is no search cost, negative externality does not have
any impacts on the society.

o Although posting vacancy makes it difficult for other jobs to find new
workers, without any search cost (=sunk cost a firm must incur before
finding workers), there is no social loss from posting new jobs.

o Therefore, the impact of positive externality (= hold-up problem)
always dominates negative externality and the number of market
economy in the market economy is too few. (Note that given the
assumption of mp; > b+, (p + s), creating new job always increases
net output. )
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Wage Without Commitment

Theorem

Suppose that . = 0. The market economy can attain social optimal
and, therefore, there is no unemployment, if a worker does not have any
bargaining power: 7y = 0.

Proof.

When v = 0, from the proof of the previous theorem

_ * mp—b—(p—l—s)lpe
e )[ p/+s+p(9*)9* ]

As we assume mp; > b+ 1P, (0 + s) to insure positive entries, p (6) = 0.
Therefore, § = co. O

v

@ If workers do not have any bargaining power, unemployed workers
receive no benefits from the new match. Hence, there is no positive
externality.
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ort Detour to Discussions on Hold Up Problem

@ Consider the following two period model: t =1 or 2.

o A supplier and a buyer try to trade a good which is suitable to a
specific demand of a buyer. You can interpret a supplier as a worker,
and a buyer as a firm. Both parties are risk neutral.

o At the first period, a worker invests to improve human capital, h with
cost C (h) where C' (h) > 0 and C"” (h) > 0. Since human capital is
useful only for this firm, if they fire the worker, the worker does not get
anything.

e At the second period, human capital yields output and the firm can sell
the output at a price 1 and pays wage w.
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ort Detour to Discussions on Hold Up Problem

@ The key assumption is that two parties cannot make a contract at the
first period. That is because
@ both parties may not be able to foresee contingent future, or
© even though they can foresee, they may not be able to describe the

contingent future, or
© even though they can describe, writing every contingency is quite costly.

@ That is, both party can observe the level of investment at the first
period, but it is not verifiable.

Katsuya Takii (Institute) Macroeconomic Theory 441 / 463



rt Detour to Discussions on Hold Up Problem

@ The first best: The first best investment maximizes expected net
benefit. If we assume that an agent does not discount future, then

mlax{h - C(h)},

e FOC /(bt)
1=C(h°"Y).
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rt Detour to Discussions on Hold Up Problem

o Bargaining Problem:

e The second period: At the second period, everything becomes clear.
A firm and a worker may be able to negotiate the wage w. Assume
that if workers quite a job worker can get U and if a firm fires the
worker, a firm can get 0. Then the wage bargaining determines

w=U+7(h—U)

where v € (0,1) is the bargaining power of workers.
o The first period: A worker knows that the wage will be determined as
above. Given this knowledge his problem is

W = m’?x[w—C(h)],
U+ (h=V)

s.t.w

Katsuya Takii (Institute) Macroeconomic Theory 443 / 463



A Short Detour to Discussions on Hold Up Problem

e FOC:
v=C(h)

Because v < 1, and C"" >0

h* < hbest_
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rt Detour to Discussions on Hold Up Problem

@ That is, a worker does underinvestment. The reason is that since
investment is specific to the firm, after making investment, the
investment is sunk. If the firm fires the worker, investment is useless.
Bargaining over wage reduces the marginal benefit from the
investment. Since he knows it will happen, it discourages his
investment. He will optimally reduce his investment. This is called
“Hold-up problem.”

@ The above analysis suggest that an increase in 7y increases human
capital accumulation. If y =1, h* = hbest Because a worker is a
person to make investment decision, a larger bargaining power of a
worker encourages human capital accumulation. Because h* is lower
than social optimal value, larger human capital is welfare improving.
So it is good to provide more power on workers.
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A Short Detour to Discussions on Hold Up Problem

@ Let us illustrate the importance of an explicit contract at the first
period.

@ Suppose that a firm can offer an affine contract based on output:
that is, w = ag + a1 h.

V = max{h™ — (ag +a1h™)}

X0,&1
s.t. " = argmax{ag+arh— C(h)} (IC)
U < lXo—i—leh**—C(h**) (/R)
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A Short Detour to Discussions on Hold Up Problem

o h**
ny = Cl (h**) — B = pr (“1>

@ Hence, a firm can reduce &y without changing the incentive of
workers until IR condition is bound.

U = ag+arh™ (1) — C (h™ (a1))
ap +arh™ (v) = U+ C(h™ (w1))
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A Short Detour to Discussions on Hold Up Problem

@ Hence, the firm’s problem can be rewritten as follows

V = max {h** (a1) — C (h** (1)) — U}

al.h**

e FOC

0 = [1—C (K" (a1)] b (1)
1 = C'(h* (1))

o Note that 1 = C/ (hbe“). Hence,

R+ (061) — hbest
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A Short Detour to Discussions on Hold Up Problem

@ In this case,

0 = c (h* () =1
ag = U+ C(h" (a1)) — h** (a1)
vV = —N

@ That is, it is optimal for the firm to sell a job by price —ap and let a
worker receive all outcome from his own effort.
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Wage Commitment and Directed Search

@ As shown in our previous discussion, when wage is determined by ex
post bargaining, it is difficult to avoid hold-up problem, which is a
version of positive externality.

@ Although it is discussed that a firm can avoid hold-up problem if it
can write an explicit contract on the investment, our current situation
is more difficult because there is negative externality in the frictional
economy.

@ In fact, we know that if a firm can commit wage, the firm choose
w = b (Diamond Paradox). This is equivalent to the case, ¥ = 0. It
causes too many entry.
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Wage Commitment and Directed Search

@ The main reason for inefficiency is that search is undirected and,
therefore, wage does not perform the role of allocating resources ex
ante.

@ If search is directed to a particular wage, when a firm posts its wage,
the firm must consider that the wage influences the matching
probability.

e This may avoid Diamond paradox.

o This can potentially internalize the effect of positive and negative
externality.
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Wage Commitment and Directed Search

@ Moen (1997) provides a convenient model of wage posting, which
attains social optimal outcome.

@ In his model, jobs post their wages before they enter the market.
Unemployed workers direct their search to the most attractive jobs.

@ Because high posted wage, w, attracts more applicants, which reduces
workers' contact rate p (6) 6 and raises the jobs' contact rate p (6).

@ Knowing this relationship between w and 8, unemployed workers
decide which jobs for them to apply. Hence, all unemployed workers
choose jobs that maximize their total sum of discounted utility, U.

@ In other words, only jobs which post w that maximizes U survive in
the equilibrium.
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Wage Commitment and Directed Search

@ Each market is characterized by posted wage, w and the labor market
tightness 0 (w) differs at each market. Define W as the set of market
under which wages are posted by firms in an equilibrium. Given W,
unemployed workers choose which market they should join.

e Unemployed workers’ optimal application given 6 (w) and W:

U=max U (0 (w),w)

wew

where

U (8 (w), w) = b+p(0(w))0(w) W (w)-Ul
where oW (w) = w+s[U— W (w)].
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Wage Commitment and Directed Search

° QU (0 (w), w)
QO W(w)-U

oW (w)
o[W(w) U]

w+s[U—W(w).

Wt s[U— W (w)] - oU
w—oU

0+s

Ww)—U =

Q oU(6(w),w)
eU(0(w),w) = b+p(6(w))6(w)[W (w)-Ul

= bt p(o(w) 0 (w) L

2
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Wage Commitment and Directed Search

o Market equilibrium condition: when all unemployed workers rationally
choose a market, 8 (w) must satisfy the following condition for any
w.

U>U@®(w),w), L >0 [U_U(G(W)'W)]ZO

0(w) 0 (w)

o This condition means that, for both w € W and w ¢ W, the following
6 (w) must be assigned. There are two cases.
Q w < oU: Forall 6(w),

oU (0 (w),w)=b+p(0(w))0(w) WQ;QSU < b. Hence, nobody

chooses the market w as far as there is a market w > b,
1 _
o v =0
Q@ w>oU: If sz—o then
oU (co,w) = b+ p (oo )oowg_fsu = b+ 00> gU. Contradiction.
Hence, 9(}”) =Y >0. In this case, 6 (w) must satisfy
QU= QU B w) ) = b4 p (B w)8 (w) "2

o+s
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Wage Commitment and Directed Search

@ Firms' profit maximization under free entries:

vV < 0, for all w,
W = {w:V=0}
o This free entry condition determines W .
o Note that if w € W, 6 (w) must satisfy

¥y = pO(w))[J(w) -]

= Pl | -]
oy~ w

pOw) P T i
P,

w o= mp/—(e+5)< 0 (w ))+¢)

o Note that i, > p (o) [mgj:sw — lpe} = 0. Hence, no firms offer
wages w < oU.
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Wage Commitment and Directed Search

@ Summary of a directed search equilibrium:
@ Profit 0 Condition, which determines W given 6 (w).

w o= o= (o) (S n ) wew

w > mp—(0+s) <,J((;P<S‘/V))+¢e>v if wg W

© Unemployment Workers' Optimal Application, which determines U and
w given 6 (w) and W.

QU—Vrfea&(/{b-l-P(G(W))e(W) 0+s }

© Market Equilibrium Condition, which determine 6 (w).
w—oU

. Lif w> U

eU = b+p(0(w))6(w)
f(w) = ooifw<oU

Katsuya Takii (Institute) Macroeconomic Theory 457 / 463



Wage Commitment and Directed Search

o Equilibrium conditions imply that when w € W, it must satisfy free
entry condition and must maximize the utility of unemployed workers.
Hence, the problem can be shown to be equivalent to

oU = maerU (6, w)

st. w = mp —(0+s) <pllzg)+¢e>
w—oU

where oU (6,w) = b+ p(0)6 0T s
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Wage Commitment and Directed Search

o Eliminating w,

0+ts

_ m;x{mp(e)e[m"j;fu—(pq()?a)*%)”

= b—l—meax{p(G)Gw — (8, +p(0) 91pe)}

max{b+p(9)9 [mp/— (e+s) (plfé) +¢e)} QU}
0
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Wage Commitment and Directed Search

@ Therefore, the original problem can be rewritten as follows.

- b (6)05 }

v = b”eax[—wsewep(e)e)
_ mp; — oU
o+s

@ Remember that optimal unemployment can be found as a solution of

V(et,Ut) = (SO+UO) et+UOUt:SOet+UO

o _ mpi —oUP°
0+s
0:)0:5°
UO — b p( t t
. TP~ (e + p.p(6)60)
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Wage Commitment and Directed Search
The competitive search equilibrium attains an social optimal allocation. \

e Note that we have two externality: positive externality (= hold up
problem ) and negative externality.

@ Because of profit 0 condition, workers obtain all benefits and costs of
externality. But, when unemployed workers apply particular jobs,
they take into account not only wage payment, w, but also the

expected time to wait before finding the job, ﬁ. In this way, the

externality is internalized.
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Wage Commitment and Directed Search

Directed Search
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@ Congratulation! You finish all subjects in this lecture.

@ Topics in macroeconomics are broad. So there are many subjects this
lecture did not cover such as monetary economy, international
macroeconomics and endogenous growth, heterogeneity among
agents, incomplete market and so on.

@ However, | guarantee that you have already studied the most
important fundamental methods to analyze these problems. So you
will be able to read many textbooks and papers in macroeconomics
by yourself. Try it.
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